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Hyperelliptic curves

Definition
Let K be a field and K an algebraic closure of K. An (imaginary)
hyperelliptic curve C of genus g over K can be given by an
equation of the form

C : y2 +h(x)y = f (x),

where
h ∈ K[x] is a polynomial of degree at most g,
f ∈ K[x] is a monic polynomial of degree 2g+1,
no point on C over K satisfies both partial derivatives
2y+h = 0 and h′y− f ′ = 0.



Example: A hyperelliptic curve over the reals
C : y2 = x5− x4−11x3 +9x2 +18x over R

= x(x−2)(x−3)(x+1)(x+3)
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Divisors

Definition
Let C be a hyperelliptic curve of genus g over a field K.

1 A divisor D on C is a formal sum of points on C:

D = ∑
P∈C(K)

nPP (nP ∈ Z, nP = 0 for almost all P ∈C(K))

2 The degree of the divisor D on C is

deg(D) = ∑
P∈C(K)

nP.

The group of degree-0 divisors on C is denoted by Div0
C(K).

Example: D = 2P1 +3P2, deg(D) = 2+3 = 5



The function field of a hyperelliptic curve

Definition
Let C be a hyperelliptic curve of genus g over a field K.

The coordinate ring of C over K is the quotient ring

K[C] = K[x,y]/(y2+h(x)y− f (x)).

Similarly, the coordinate ring of C over K is

K[C] = K[x,y]/(y2+h(x)y− f (x)).

An element of K[C] is called a polynomial function on C.

The function field K(C) of C over K is the field of fractions
of K[C]. The elements of K(C) are called rational functions
on C.



Uniformising parameter

Definition
Let C be a hyperelliptic curve of genus g over a field K and let
P ∈C(K). A rational function u ∈ K(C) with u(P) = 0 is called a
uniformising parameter for P, if the following property holds:

For each 0 6= a ∈ K[C] there exists an integer d and a function
s ∈ K(C) such that a = uds and s(P) 6∈ {∞,0}.

Theorem
For each P ∈C(K) there exists an uniformising parameter for P.



Order of a rational function

Definition
1 Let C be a hyperelliptic curve of genus g over a field K. Let

P ∈C(K) with uniformising parameter u ∈ K(C) and let
0 6= a ∈ K[C] be a polynomial function on C. Now, a can be
written as

a = uds.

The (unique) integer d is called the order of a at P.

2 Let r = a/b ∈ K(C)∗ be a rational function on C and
P ∈C(K). The order of r at P is defined as

ordP(r) = ordP(a)−ordP(b).



Principal divisors

Definition
Let r ∈ K(C)∗ be a rational function on C. The divisor of r is

div(r) = ∑
P∈C(K)

(
ordP(r)

)
P.

Definition
A divisor D is called principal if D = div(r) for some rational
function r ∈ K(C)∗. The set of principal divisors on C is denoted
by Princ(C).

A principal divisor has degree 0. Hence, Princ(C) is a subgroup
of Div0

C(K).



The divisor class group

Definition
The divisor class group of C is the quotient group

Pic0
C(K) = Div0

C(K)/Princ(C).

It is also called the Picard group of C. The elements of Pic0
C(K)

are called divisor classes of C.

Since our curves have only one point at infinity, the divisor class
group is isomorphic to the ideal class group of C.



Mumford representation (part 1)

Theorem (Mumford)
Let C be a hyperelliptic curve of genus g over a field K. Each
nontrivial divisor class of C over K can be represented by a
unique pair of polynomials u,v ∈ K[x], where

1 u is monic,
2 degv < degu≤ g,
3 u |v2 + vh− f .

In the genus-2 case each divisor class can be represented by
the 4 coefficients u1,u0,v1,v0 of the polynomials u and v.



Mumford representation (part 2)

Example

We consider the hyperelliptic curve with equation
C : y2 = x5 +3x3 +2x2 +3 over F5.

Some points on the curve: P1 = (3,0), P2 = (1,2),
P3 = (4,1), P4 = (3,0).

We define the divisors D1 = P1 +P2−2P∞ and
D2 = P3 +P4−2P∞.

In Mumford form: D1 = [x2 + x+3, 4x+3] and
D2 = [x2 +3x+2, x+2].

x-coordinates of the points are the zeros of the first
Polynomial. Evaluating the second polynomial at the
x-coordintate gives the y-coordinate of the points of the
divisor.



Cantor’s algorithm (part 1)
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The amount of work to find v is equal to solving the g quadratic equations in the first approach.
However, checking if a u belongs to a class requires more effort. Hence, for an implementation one
can trade off the generality of the class for less work.

Example 14.6 On the curve from Example 14.2, a divisor class is given by
__

D = [x2 + 376x +
245, 1015x + 1368]. We have [2]

__

D = [x2 + 1226x + 335, 645 + 1117] and [3874361]
__

D = [1, 0].

Using this compact description of the elements, one can transfer the group law that was derived

above as a sequence of composition and reduction to an algorithm operating on the representing

polynomials and using only polynomial arithmetic over the field of definition K . This algorithm
was described by Cantor [CAN ] for odd characteristic and by Koblitz [KOB ] for arbitrary
fields.

Algorithm 14.7 Cantor’s algorithm

INPUT: Two divisor classes
__

D1 = [u1, v1] and
__

D2 = [u2, v2] on the curve C : y2 + h(x)y =
f(x).
OUTPUT: The unique reduced divisorD such that

__

D =
__

D1 ⊕
__

D2.

1. d1 ← gcd(u1, u2) [d1 = e1u1 + e2u2]

2. d ← gcd(d1, v1 + v2 + h) [d = c1d1 + c2(v1 + v2 + h)]

3. s1 ← c1e1, s2 ← c1e2 and s3 ← c2

4. u ← u1u2

d2
and v ← s1u1v2 + s2u2v1 + s3(v1v2 + f)

d
mod u

5. repeat

6. u′ ← f − vh − v2

u
and v′ ← (−h − v) mod u′

7. u ← u′
and v ← v′

8. until deg u ! g

9. make u monic

10. return [u, v]

We remark that Cantor’s algorithm is completely general and holds for any field and genus. It is a

nice exercise to check that the addition formulas derived in Section 13.1.1 for elliptic curves can be

obtained as a special case of Cantor’s algorithm making all steps explicit for g = 1.

14.1.3 Isomorphisms and isogenies

Some changes of variables do not fundamentally alter the hyperelliptic curve. More precisely, let

the hyperelliptic curve C/K of genus g be given by C : y2 + h(x)y = f(x). The maps

y !→ u2g+1y′+agx
′g+· · ·+a1x

′+a0 and x !→ u2x′+b with (ag, . . . , a1, a0, b, u) ∈ Kg+2×K∗

are invertible and map each point of C to a point of C′ : y′2 + h̃(x′)y′ = f̃(x′), where h̃, f̃ are
defined over K and can be expressed in terms of h, f, a, b, c, d and u. Via the inverse map we
associate to each point of C′ a point of C showing that both curves are isomorphic. These changes

of variables are the only ones leaving invariant the shape of the defining equation and, hence, they

are the only admissible isomorphisms.

The following examples study even and odd characteristic separately as they allow us different

isomorphic transformations of the curve equation. These transformations will be useful for the

arithmetic of the curves.



Cantor’s algorithm (part 2)

Example
Consider the hyperelliptic curve C over F11 with equation

C : y2 = x5 +3x3 +7x2 + x+2

and 2 divisors D1 = [x2 +7x+10,x+9] and D2 = [x2 +10,7x+9].

In Steps 1-3: d1 = d = 1.

Step 4: u := u1u2 = x4 +7x3 +9x2 +4x+1 and
v := (s1u1v2 + s2u2v1) mod u = 4x2 +7x+5 (Not yet reduced!)

Steps 5-7: u′ := ( f − v2)/u = x+10, v′ :=−v mod u′ = 6

We have D1 +D2 = [x+10,6] in Mumford representation.



How efficient is Cantor’s algorithm?

Cantor’s algorithm is completely general and holds for any
field and any genus.

Let’s consider special cases to improve the speed of
Cantor, e.g. fix the characteristic of the field, the genus of
the curve etc.

For different forms of the curve equations we have different
speeds for Cantor, e.g. treat different degrees of h(x)
separately.

Result: For some special cases we get explicit addition
and doubling formulas which are very efficient.



Doubling for genus 2 and arbitrary characteristic

Doubling, degu = 2
Input [u,v],u = x2 +u1x+u0 ,v = v1x+ v0

Output [u′,v′] = 2[u,v]

Step Expression odd even
1 compute ṽ≡ (h+2v) mod u = ṽ1x+ ṽ0:

ṽ1 = h1 +2v1−h2u1, ṽ0 = h0 +2v0−h2u0;
2 compute resultant r =res(ṽ,u): 2S, 3M 2S, 3M

w0 = v2
1, w1 = u2

1, w2 = ṽ2
1, w3 = u1 ṽ1, r = u0w2 + ṽ0(ṽ0−w3); (w2 = 4w0) (see below)

3 compute almost inverse inv′ = invr:
inv′1 =−ṽ1, inv′0 = ṽ0−w3;

4 compute k′ = ( f −hv− v2)/u mod u = k′1x+ k′0: 1M 2M
w3 = f3 +w1, w4 = 2u0, k′1 = 2(w1− f4u1)+w3−w4−h2v1; (see below)
k′0 = u1(2w4−w3 + f4u1 +h2v1)+ f2−w0−2 f4u0−h1v1−h2v0;

5 compute s′ = k′inv′ mod u: 5M 5M
w0 = k′0inv′0, w1 = k′1inv′1, s′1 = (inv′0 + inv′1)(k′0 + k′1)−w0−w1(1+u1), s′0 = w0−u0w1;

6 compute s′′ = x+ s0/s1 and s1: I, 2S, 5M I, 2S, 5M
w1 = 1/(rs′1)(= 1/r2s1), w2 = rw1(= 1/s′1), w3 = s′21w1(= s1);
w4 = rw2(= 1/s1), w5 = w2

4, s′′0 = s′0w2;
7 compute l′ = s′′u = x3 + l′2x2 + l′1x+ l′0: 2M 2M

l′2 = u1 + s′′0 , l′1 = u1s′′0 +u0, l′0 = u0s′′0 ;
8 compute u′ = s2 +(h+2v)s/u+(v2 +hv− f )/u2: S, 2M S, M

u′0 = s′′0
2 +w4(h2(s′′0 −u1)+2v1 +h1)+w5(2u1− f4), u′1 = 2s′′0 +h2w4−w5;

9 compute v′ ≡−h− (l + v) mod u′ = v′1x+ v′0: 4M 4M
w1 = l′2−u′1, w2 = u′1w1 +u′0− l′1, v′1 = w2w3− v1−h1 +h2u′1;
w2 = u′0w1− l′0, v′0 = w2w3− v0−h0 +h2u′0;

total each I, 5S, 22M

(T. Lange: Formulae for Arithmetic on Genus 2 Hyperelliptic Curves, 2004)



Doubling for genus 2 and characteristic 2

Doubling degh = 1, degu = 2
Input [u,v],u = x2 +u1x+u0,v = v1x+ v0; h2

1, h−1
1

Output [u′,v′] = 2[u,v]

Step Expression h1 = 1 h−1
1 small h1 arbitrary

1 compute rs1: 3S 3S 3S
z0 = u2

0, k′1 = u2
1 + f3;

w0 = f0 + v2
0(= rs′1/h3

1);
2 compute 1/s1 and s′′0 : I, 2M I, 2M I, 2M

w1 = (1/w0)z0(= h1/s1);
z1 = k′1w1, s′′0 = z1 +u1;

3 compute u′: 2S S, 2M S, 2M
w2 = h2

1w1, u′1 = w2w1;
u′0 = s′′20 +w2;

4 compute v′: S, 3M S, 3M S, 5M
w3 = w2 + k′1;
v′1 = h−1

1 (w3z1 +w2u′1 + f2 + v2
1);

v′0 = h−1
1 (w3u′0 + f1 + z0);

total I, 6S, 5M I, 5S, 7M I, 5S, 9M

(Lange and Stevens: Effient Doubling on Genus Two Curves over Binary Fields, 2005)



Inversion-free doubling (1)

Inversion is expensive compared to multiplication (e. g. in
hardware applications). Can we avoid inversions?

Affine coordinates: A divisor class is given by the
coefficients of u and v: [u1,u0,v1,v0]
Projective coordinates: Use [U1,U0,V1,V0,Z] with ui = Ui/Z
and vi = Vi/Z

New coordinates: [U1,U0,V1,V0,Z1,Z2,z1,z2,z3,z4] with
ui = Ui/Z2

1 ,vi = Vi/Z3
1Z2 and precomputations z1,z2,z3,z4

Recent coordinates: [U1,U0,V1,V0,Z,z] with ui = Ui/Z and
vi = Vi/Z2 and the precomputation z = Z2

Inversion-free doubling can be achieved in Recent, New and
Projective coordinates!



Inversion-free doubling (2)

Divisor class doubling in Recent coordinates without inversions!

Setting: Genus-2 curve over binary field and deg(h) = 1.

Input: D = [U1 ,U0 ,V1 ,V0,Z,z],
precomputed values h2

1 and h−1
1

Output [U ′1 ,U ′0 ,V ′1 ,V ′0,Z′,z′] = 2[U1,U0 ,V1 ,V0 ,Z,z]

Step Expression Complexity

1 Precomputations 10M + 4S
Z4 ← z2,y0 ←U2

0 , t1 ←U2
1 + f3z,w0 ← Z4 f0 +V 2

0 ,

Z← zw0 ,w1 ← y0Z4 ,y1 ← t1y0z,s0 ← y1 +U1w0Z

w2 ← h2
1w1,w3 ← w2 + t1w0

2 Compute U ′ 2M + S
U ′1 ← w2w1 ,w2 ← w2Z,U ′0 ← s2

0 +w2

3 Compute V ′ 11M + 3S
Z′ ← Z2

,V ′1 ← h−1
1 (w2U ′1 +(w3y1 + f2Z′+(V1w0)2)Z′)

V ′0 ← h−1
1 (Z(w3U ′0 + y0w0Z′)),z′ ← Z′2

Total 23M + 8S

If h1 = 1, one can even achieve 20M +8S.



Inversion-free coordinates — Overview

In the genus-2 case with h(x) = x over a binary field, we have
the following complexities for addition and doubling:

Doubling Addition

Operation Costs Operation Costs
2N = N 28M +5S R +R = R 49M +8S
2P = P 22M +6S P +P = P 49M +4S
2R = R 20M +8S N +N = N 42M +6S

— — A +R = R 42M +7S
— — A +P = P 39M +4S
— — A +N = N 36M +6S

2A = A I +5M +6S A +A = A I +2M +3S



The torsion subgroup in char 2 (part 1)

The curve equation is C : y2 +h(x)y = f (x), where h(x) 6= 0
to avoid singularities.

Let’s look at the 2-torsion subgroup of the divisor class
group of a genus-2 curve.

How many divisor classes of order 2 do we have in
Div0

C(F2k)?

For a divisor class D = [u,v] with order 2 we have that
[2]D = [1,0], which is equivalent to

[u,v] = D =−D = [u,−v−h] = [u,v+h].



The torsion subgroup in char 2 (part 2)

1 deg(h) = 0 and h(x) 6= 0, so h(x) = c for some constant c, i.e.
there is no such divisor and the 2-torsion subgroup is trivial
(supersingular curves).

2 deg(h) = 1, i.e. h has one root. Hence [u,v] = [u,v+h] for a
point on the curve, and we have one divisor class with
order 2 and [1,0]. Thus Div0

C(F2k)[2]∼= Z/2.

3 deg(h) = 2, i.e. h has two zeros x1 and x2, which leads to 3
divisor classes of order 2: D1 = [x− x1,v1], D2 = [x− x2,v2]
and D1 +D2 = [(x− x1)(x− x2),v3]. Hence we have
Div0

C(F2k)[2]∼= Z/2×Z/2.

Result: In characteristic 2, the structure of the 2-torsion
subgroup depends on the degree of the polynomial h in the
curve equation.



The torsion subgroup in char 6= 2? (part 1)

In charateristic 6= 2 the curve equation can be simplified to
C : y2 = f (x).

How does the 2-torsion subgroup look like in this case?

Let’s first find points of order 2, i.e. points with y-coordinate
equals 0.

Then let’s find zeros of f (x). Are there any over the ground
field?

Next we construct divisors of order 2 from the points of
order 2.



The torsion subgroup in char p 6= 2? (part 2)

Curve equation: C : y2 = f (x)

How many divisors of order 2 do we have in the genus-2 case?

Example 1

Let’s assume f (x) splits into one linear factor x− x0 and
one factor of degree 4, i.e. P = (x0,0) is a point with
y-coordinate 0. And it’s the only one!

Hence, the divisor D = [x− x0,0] is a divisor of order 2,
because in Cantor’s algoritm 2D becomes [1,0].

The 2-torsion subgroup is isomorphic to Z/2.



The torsion subgroup in char p 6= 2? (part 3)

Curve equation: C : y2 = f (x)

Example 2

Let’s assume f (x) splits into two linear factors x− x0, x− x1
and one factor of degree 3, i.e. P1 = (x0,0) and P2 = (x1,0)
are points with y-coordinate 0.

Hence, the divisors D1 = [x− x0,0] and D2 = [x− x1,0] are
divisors of order 2, and D1 +D2 is a divisor or order 2.

Thus the 2-torsion subgroup is isomorphic to Z/2×Z/2.



Thank you for your attention!


	Motivation

