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Hyperelliptic curves

Definition

Let K be a field and K an algebraic closure of K. An (imaginary)
hyperelliptic curve C of genus g over K can be given by an
equation of the form

C:y* +h(x)y = f(x),

where
@ h € K[x] is a polynomial of degree at most g,
@ f € K|[x] is a monic polynomial of degree 2g + 1,
@ no point on C over K satisfies both partial derivatives
2y+h=0and h'y— f' =0.



Example: A hyperelliptic curve over the reals
C:y>=x —x*—11x3+9x? + 18x over R
=x(x=2)(x=3)(x+1)(x+3)
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Divisors

Definition
Let C be a hyperelliptic curve of genus g over a field K.
@ A divisor D on C is a formal sum of points on C:

D= Y npP (np€Z, np=0foralmostall P e C(K))
PeC(K)

© The degree of the divisor D on C is

deg(D Z np.
PeC(K)

The group of degree-0 divisors on C is denoted by DiVOC(F).

Example: D =2P, +3P,, deg(D) =2+3=5



The function field of a hyperelliptic curve

Definition
Let C be a hyperelliptic curve of genus g over a field K.
@ The coordinate ring of C over K is the quotient ring

K[C] = Kxl/ 2 +h(x)y—f(x)).-
Similarly, the coordinate ring of C over K is
K|[C] = K/ (P +h(x)y—f(x)).
An element of K[C] is called a polynomial function on C.

@ The function field K(C) of C over K is the field of fractions
of K[C]. The elements of K(C) are called rational functions
onC.



Uniformising parameter

Definition

Let C be a hyperelliptic curve of genus g over a field K and let
P € C(K). A rational function u € K(C) with u(P) =0 is called a
uniformising parameter for P, if the following property holds:

For each 0 # a € K|C] there exists an integer d and a function
s € K(C) such that a = u?s and s(P) & {,0}.

Theorem
For each P € C(K) there exists an uniformising parameter for P.



Order of a rational function

Definition
@ Let C be a hyperelliptic curve of genus g over a field K. Let
P € C(K) with uniformising parameter « € K(C) and let
0 # a € K|C] be a polynomial function on C. Now, a can be
written as
a=us-s.

The (unique) integer d is called the order of a at P.

Q Letr=a/b e K(C)* be a rational function on C and
P € C(K). The order of r at P is defined as

ordp(r) = ordp(a) —ordp(b).



Principal divisors

Definition
Let r € K(C)* be a rational function on C. The divisor of r is

div(r) = Z (ordp(r))P.

PeC(K)

Definition

A divisor D is called principal if D = div(r) for some rational
function r € K(C)*. The set of principal divisors on C is denoted
by Princ(C).

A principal divisor has degree 0. Hence, Princ(C) is a subgroup
of Div2(K).



The divisor class group

Definition
The divisor class group of C is the quotient group

Pic2 (K) = Dive(K)/Princ(c).

It is also called the Picard group of C. The elements of Pic2(K)
are called divisor classes of C.

Since our curves have only one point at infinity, the divisor class
group is isomorphic to the ideal class group of C.



Mumford representation (part 1)

Theorem (Mumford)
Let C be a hyperelliptic curve of genus g over a field K. Each
nontrivial divisor class of C over K can be represented by a
unique pair of polynomials u,v € K[x|, where

@ uis monic,

Q degv <degu <g,

Q uV’+vh—f.

In the genus-2 case each divisor class can be represented by
the 4 coefficients u;,ug, v1,vo of the polynomials u and v.



Mumford representation (part 2)

Example

@ We consider the hyperelliptic curve with equation
C:y> =x>43x3+2x> 4+ 3 over Fs.

@ Some points on the curve: P, = (3,0), P, = (1,2),
Py=(4,1), P, = (3,0).

@ We define the divisors Dy = P, +P, — 2P, and
D, =P;+ P, —2P..

@ In Mumford form: Dy = [x*> 4 x+ 3, 4x+3] and
Dy = [x> +3x+2,x+2].

@ x-coordinates of the points are the zeros of the first
Polynomial. Evaluating the second polynomial at the

x-coordintate gives the y-coordinate of the points of the
divisor.



Cantor’s algorithm (part 1)

Algorithm 14.7 Cantor’s algorithm

INPUT: Two divisor classes D1 = [u1,v1] and D2 = [u2, v2] on the curve C' : y* + h(z)y =
f(@).

OUTPUT: The unique reduced divisor D such that D = D1 @ Ds.

1. dy « ged(u, u2) [di = e1ur + ezus)
2. d+« ged(dy,v1 +v2 + h) [d = c1d1 + c2(v1 + v2 + h)]
3. §1 < cie1, Sz < c1ez and s3 «— c2
DI LU RN 81U1U2+82U2'U1d+ s3(vivz2 + f) mod
repeat
u Lﬁ and v’ < (—h —v) mod u’

u<«u and v« v’

until degu < g

© ® N o O

make u monic

10.  return [u,v]




Cantor’s algorithm (part 2)

Example
Consider the hyperelliptic curve C over F; with equation

C:y? =X 433+ 7% +x+2
and 2 divisors Dy = [x* +7x+10,x+9] and D, = [x* + 10,7x+9).
@ InSteps 1-3: dy =d = 1.

@ Step 4: u:=ujur =x*+7x3+9x> +4x+1 and
v = (sju1vy + spupvy) mod u = 4x*> +7x+5 (Not yet reduced!)

@ Steps 5-7: ' :=(f—v*)/u=x+10,V := —vmod «’ =6

We have D, + D, = [x+10,6] in Mumford representation.



How efficient is Cantor’s algorithm?

@ Cantor’s algorithm is completely general and holds for any
field and any genus.

@ Let’s consider special cases to improve the speed of
Cantor, e.g. fix the characteristic of the field, the genus of
the curve etc.

@ For different forms of the curve equations we have different
speeds for Cantor, e.g. treat different degrees of A(x)
separately.

@ Result: For some special cases we get explicit addition
and doubling formulas which are very efficient.



Doubling for genus 2 and arbitrary characteristic

Doubling, degu =2
Input ‘ (V] = 2% +upx+ug,v=vix+vg
Output [t V'] = 2[u,v]
Step Expression odd even
1 compute ¥ = (h+2v) mod u = ¥ x+ 7
Vi =hy +2v) —houy, Ty 7h0+2\'0 hyug;
2 compute resultant 2S,3M 2S,3M
wo S W =uj,w uy By, r=upwy + v (Vo —w3); (wp = 4wp) (see below)
3 compute almost inverse xm o
i = =y, inv) = Vg — w33
4 compute k' = (f —hv—v*) /u mod u = Kjx+kj: ™M 2M
3 +wi, wy = 2ug, kK =2(wy — faup) +w3 —wg —havi; (see below)
0 = uy 2wy — w3 + fauy +hovi) + fo — wo = 2fattg — hyvy — hyvo:
5 compute s” = k"inv’ mod u: 5M 5M
wo = kginvy, wi = Kpinv, s = (invfy +inv}) (kg + k) —wo —wi (1+uy), s = wo —ugwi;
6 compute s 7x+yu/¢1 and s;: 1,28, 5M 1, 2S, 5M
Wi = ]/(r\l 1), wy = rwy (= 1/s)), w3 = Fwi (= 51);
wa = rwa(=1/s1), ws = w3, sp = shwa;
7 compute ' = s"u =3 + x> + [ x+1: M 2M
=u +JG. 17 = uysg +ug, [f = uosg;
8 compute «’ = s+ (h+2v)s/u+ (v +hv— f)/u’: S, 2M S, M
upy =50~ +walha(sq —ur) +2v1 +hy) +ws(2uy — fy), u] =25 +lhpwy —ws;
9 compute v h—(+v) mod u” =vix+v: 4M aM
wi =0 =i, wy = ulwy +ul— 1], V] =wows —vy —hy +hpul;
wa = upwy — I, vl = waws —vo —ho + hyuly;

[ total each I, 55, 22M |

(T. Lange: Formulae for Arithmetic on Genus 2 Hyperelliptic Curves, 2004)



Doubling for genus 2 and characteristic 2

Doubling degh =1, degu =2
Input ‘ [,V], = x* + uyx+ug,v = vix+vo; h%, hfl
Output | [W/,v] =2[u,v]
Step Expression h =1 hfl small hy arbitrary
1 compute rs;: 3S 3S 3S
0= u%, K= u%+f3;
wo = fo+vi(=rs) /hy);
2 compute 1/s; and s{): 1, 2M 1,2M 1,2M
w1 = (1/wo)zo(= h1/s1);
2 =Kwi, s§ =21 +ui;
3 compute u’: 2S S, 2M S, 2M
wa = 2wy, i) = wowy;
upy = sgz +wy;
4 compute v': S, 3M S, 3M S, 5M
w3 =wy+k|;
Vi = hy (wazy +waud) + fo+93);
Vo= hfl (w3up + f1+20);
om 1,65, 5M [ 1,55, /M [ 1, 55, 9M |

(Lange and Stevens: Effient Doubling on Genus Two Curves over Binary Fields, 2005)



Inversion-free doubling (1)

Inversion is expensive compared to multiplication (e.g. in
hardware applications). Can we avoid inversions?

@ Affine coordinates: A divisor class is given by the
coefficients of u and v: [uy,ug,v1,vo]

@ Projective coordinates: Use [U;, Uy, Vy,Vo,Z] with u; = U;/Z
andv; =V;/Z

@ New coordinates: [U,,Uo,V1,Vo,Z1,22,21,22,23,24] With
w; =U,;/Z%,v; =V;/Z3Z, and precomputations z,22,73,24

@ Recent coordinates: [U, Uy, Vi,V,Z,z] with u; = U;/Z and
v; = V;/Z? and the precomputation z = 72

Inversion-free doubling can be achieved in Recent, New and
Projective coordinates!



Inversion-free doubling (2)

Divisor class doubling in Recent coordinates without inversions!

Setting: Genus-2 curve over binary field and deg(h) = 1.

Input: D =[U,,Up. V1. Vy.Z,2],
precomputed values /} and h; !
Output | [U],U§,V{. Vg, 2,21 =2[U},Up, Vi, Vo, Z,2]
Step Expression Complexity
1 Precomputations 10M + 48
2y =22 y0 Uit = UP + fazwo — Zafo + V5
Z 2w, W1 < Y0Z4,¥1 < 11Y0%:50 < Y1 +UiwoZ
wy — h%wI SW3 — Wy 1wy
2 Compute U’ 2M +S
U]’ — Wawy, Wy — woZ, Ué — S(z) +wy
3 Compute vV’ 11M + 3S
AR ZZ.VI/ — /117l (waU] + (w3y1 + f2Z' + (V) wo)2)Z')
Vi — hfl (Z(w3U§ +yowoZ')),? — 7

| Total

[ 23M + 85 |

If iy = 1, one can even achieve 20M + 88.



Inversion-free coordinates — Overview

In the genus-2 case with i(x) = x over a binary field, we have

the following complexities for addition and doubling:

Doubling | Addition
Operation Costs Operation Costs
2N =4 28M+5S R+R =X 49M +8S
2P =P 22M 4 6S P+P =L 49M +4S
2% =R 20M+8S | N+ N =N 42M+6S

— — A+R=R 42M+178

— — A+ P =L 39M +-4S

— — g+ N =N 36M-+6S
2o/ =/ I+5SM+6S | J+o =o I+2M+3S




The torsion subgroup in char 2 (part 1)

@ The curve equation is C : y> + h(x)y = f(x), where h(x) #0
to avoid singularities.

@ Let’s look at the 2-torsion subgroup of the divisor class
group of a genus-2 curve.

@ How many divisor classes of order 2 do we have in
Div2(Fy)?

@ For a divisor class D = [u,v] with order 2 we have that
[2]D = [1,0], which is equivalent to

[uv] =D=—D = [u,—v—h] = [u,v+h].



The torsion subgroup in char 2 (part 2)

@ deg(h) =0 and h(x) # 0, so h(x) = ¢ for some constant ¢, i.e.
there is no such divisor and the 2-torsion subgroup is trivial
(supersingular curves).

@ deg(h) =1, i.e. h has one root. Hence [u,v] = [u,v+ h] for a
point on the curve, and we have one divisor class with
order 2 and [1,0]. Thus Div2(Fy)[2] & Z/2.

© deg(h) =2, i.e. h has two zeros x; and x,, which leads to 3
divisor classes of order 2: Dy = [x —x1,v1], D2 = [x — x2, 2]
and Dy + D = [(x —x;)(x —x2),v3]. Hence we have
Div(Fy)[2] 2 Z/2 X 7Z)2.

Result: In characteristic 2, the structure of the 2-torsion
subgroup depends on the degree of the polynomial 4 in the
curve equation.



The torsion subgroup in char #27? (part 1)

@ In charateristic # 2 the curve equation can be simplified to
C:y*=f(x).

@ How does the 2-torsion subgroup look like in this case?

@ Let’s first find points of order 2, i.e. points with y-coordinate
equals 0.

@ Then let’s find zeros of f(x). Are there any over the ground
field?

@ Next we construct divisors of order 2 from the points of
order 2.



The torsion subgroup in char p #27? (part 2)

Curve equation:  C:y? = f(x)

How many divisors of order 2 do we have in the genus-2 case?

Example 1

@ Let’'s assume f(x) splits into one linear factor x — xy and
one factor of degree 4, i.e. P = (x9,0) is a point with
y-coordinate 0. And it’s the only one!

@ Hence, the divisor D = [x —xo,0] is a divisor of order 2,
because in Cantor’s algoritm 2D becomes [1,0].

@ The 2-torsion subgroup is isomorphic to Z/2.



The torsion subgroup in char p #27? (part 3)

Curve equation: C:y? = f(x)

Example 2

@ Let’'s assume f(x) splits into two linear factors x — xg, x — x;
and one factor of degree 3, i.e. P, = (x0,0) and P, = (x1,0)
are points with y-coordinate 0.

@ Hence, the divisors D; = [x —x¢,0] and D, = [x—x;,0] are
divisors of order 2, and D, + D, is a divisor or order 2.

@ Thus the 2-torsion subgroup is isomorphic to Z/2 x Z/2.



Thank you for your attention!



	Motivation

