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In the previous chapter we dealt with algebraic and geometric objects over arbitrary fields. In this
chapter we explain additional properties of these objects when considered over special fields. We
concentrate on varieties over the complex numbers and finite fields.

5.1 Varieties over the field of complex numbers

In the whole section we take ground field K as the field of complex numbers C. Since C is alge-
braically closed we can identify the affine space An (respectively the projective space Pn) with the
set of points in Cn (respectively the homogeneous classes of (n + 1)-tuples in Cn+1) together with
the topological structure induced by the Zariski topology. Recall that closed sets are given as zeroes
of polynomial equations.

The absolute value | · | makes Cn to a metric space and hence induces a “natural” topology. Since
polynomial functions are continuous in this topology it follows that Zariski closed sets are also
closed in this topology.

5.1.1 Analytic varieties

First we shall describe very briefly the analytic structure on An (respectively Pn): the key notions
are holomorphic functions. Locally, holomorphic functions are given by power series converging in
an open ball.
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88 Ch. 5 Varieties over Special Fields

For open sets U ⊂ Pn one can globalize to get holomorphic functions by gluing together the local
“germs.” So a holomorphic function f on U is a complex valued function defined on U such that
for all P ∈ U there is an open ball around P on which f is given by a convergent power series.
Examples for holomorphic functions are polynomials (for U = A n) and rational functions (for U
equal to the set of definition).

Meromorphic functions on U are defined as quotients of holomorphic functions. Locally they
are given by Laurent series with finite negative part. To a meromorphic function f on U and to
any point P ∈ U we can associate the order of vanishing nP (f) of f at P . It is negative if f has
a pole of order |nP (f)| at P , and positive if f has a zero of order nP (f) at P . If nP (f) = 0
there is a neighborhood of P in U such that the restriction of f is invertible in this neighborhood
as a holomorphic function. In particular, it follows that the set of zeroes and poles of meromorphic
functions on U does not have a limit point in U . The (analytic) divisor div an(f) is equal to the
formal sum divan(f) =

∑
P∈U nP (f)P .

One can differentiate and integrate holomorphic and meromorphic functions and as usual one has
meromorphic differentials ω on U . Locally at a point P ∈ U they are of the form f P (x)dx1 · · · dxn

with fP meromorphic and (x1, . . . , xn) a local system of coordinates (mapping the chosen neigh-
borhood to an open ball in Cn with 0 as image of P ). Their divisor is divan(ω) =

∑
P∈U nP (fP )P .

One sees that ω is holomorphic on U if and only if the divisor of ω has only nonnegative coefficients.
In the sequel we shall need a further concept, namely analytic varieties. For the notion of analytic

varieties (without boundary) in projective spaces we refer to [GRHA 1978].
One essential property of analytic varieties Van ⊆ Pn is that there exists a number d � n such

that Van is locally isomorphic to a ball in an affine space Ad, or equivalently: every point P ∈ Van

has an open neighborhood UP (with respect to the topology on Van induced by the restriction of
the topology on Pn to Van) and local coordinate functions (holomorphic in UP ) which map UP

bijectively to a ball in Cd with 0 as image of P .
Using this local analytic structure one defines holomorphic functions on open subsets of V an,

meromorphic functions on Van, holomorphic (respectively meromorphic) differentials and holo-
morphic (respectively meromorphic) maps between two analytic varieties. The number d is the
dimension of Van.

Now assume that V is an (affine or projective) algebraic variety of algebraic dimension d em-
bedded in Pn. First of all the underlying set is closed. Next, all points of V are nonsingular, and
the Jacobi criterion (cf. Lemma 4.94) for the local (algebraic) coordinate functions together with
the implicit function theorem ensures that this set satisfies the conditions of analytic varieties being
locally isomorphic to Cd. So we can give V the structure of an analytic variety of dimension d
denoted by Van. Note that rational functions on V are meromorphic functions on V an. Of course, the
converse does not have to hold true.

But there is a very important special case. Assume that V is a projective algebraic variety. Then
the underlying set is compact in Pn. It follows that meromorphic functions on V an have only finitely
many zeroes and poles. Therefore, they are rational functions on V . So the field of meromorphic
functions on Van is equal to K(V ) and has transcendental degree d over C.

The converse of this remark is true, too. So we can state the following fundamental result.

Theorem 5.1 Let Van be a compact analytic variety in Pn of dimension d. There is an algebraic
projective variety V ⊂ Pn such that the induced analytic variety is equal to Van, and the field of
meromorphic functions on Van has transcendence degree d over C and hence is equal to K(V ).

The next lemma gives a slight generalization of the above facts about functions on varieties.

Lemma 5.2 Let V, W be projective algebraic varieties. Then the set of holomorphic maps from V an

to Wan is (in a natural way) identical with HomC(V, W ).
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§ 5.1 Varieties over the field of complex numbers 89

As a consequence of these comparison results, we can use the full power of complex analysis to get
purely algebraic properties of objects related to varieties defined over the complex numbers.

Before discussing the two examples that are the most important for us we will conclude this section
with a remark.

Remark 5.3 It is well-known in number theory that the interpretation of number fields K as sub-
fields of C is in a most fruitful way generalized to the study of number fields as subfields of p-adic
fields. The same is true if we want to study objects of algebraic geometry by analytic methods.
As counterpart of C one uses the completion of the algebraic closure of Q p. Over these fields we
have the highly developed machinery of rigid analytic geometry. In Chapter 17 we shall have to
use parts of this theory as background for discussing p-adic point counting methods on curves over
finite fields, which have become important in recent years.

5.1.2 Curves over CCCCCC

Analytic curves Can are one-dimensional analytic varieties embedded into a projective space over C.
From now on we shall assume that Can is compact. Then there is a nonsingular projective irreducible
curve C such that Can is the corresponding analytic curve. Hence, from an abstract point of view
the rational functions on C cannot be distinguished from the meromorphic functions on C an.

One uses this to produce functions on C by analytic methods: locally there are many more mero-
morphic functions given by converging Laurent series, and by the gluing process we can hope to get
global meromorphic functions that turn out to be algebraic.

In the previous section we introduced the notion of divisors on analytic curves C an in a way
analogous to the algebraic case. The finiteness condition for coefficients not equal to 0 is replaced
by the condition that poles and zeroes have no limit point. But since we have assumed that C an is
compact this is exactly the same condition as in the algebraic case. Therefore, analytic divisors can
be identified with algebraic divisors in a canonical way. The same is true for divisor class groups.
(Note again that the situation changes totally if we go to affine parts of C.)

We introduced differentials for algebraic curves in Section 4.4.2.c. We now look at them from
the analytic point of view. Here the usual calculus methods are used to construct the meromorphic
differentials. Again we get:

Proposition 5.4 Meromorphic (respectively holomorphic) differentials on C an can be identified
with meromorphic (respectively holomorphic) differentials on C.

We have defined the genus g of C with the help of the theorem of Riemann–Roch (cf. Theo-
rem 4.106). This theorem also holds for the divisor theory of C an. (In fact its original version
was proved in this context.) One of its consequences is that the holomorphic differentials Ω C on
Can (or on C) form a g-dimensional vector space over C and that these differentials can be identified
with algebraic differentials with effective divisors. Let us choose a basis {ω1, . . . , ωg}. To get the
full power of analytic methods we have to go one step further and go to real surfaces.

Digression: the easiest example of Weil descent

Next we use an additional special property of C: it is a two-dimensional vector space over the field
of real numbers R with basis {1, i} where as usual i2 = −1.

Replacing a complex variable z by two real variables x, y using z = x + iy identifies the metric
vector space Cn with the usual Euclidean space R2n. By this process we lose the analytic struc-
ture but have a differentiable structure from usual real calculus again compatible with the Zariski
topology. Applying this to algebraic varieties V of dimension d in A n

C we find in a natural way an
affine variety WR ⊂ A2n

R of dimension 2d with W (R) = V (C): we replace the n complex affine
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90 Ch. 5 Varieties over Special Fields

coordinates (X1, . . . , Xn) by the real coordinates (U1, V1, . . . , Un, Vn) with Xj = Uj + iVj , plug
them into the equations

(
f1(X), . . . , fm(X)

)
defining V and separate the resulting polynomials

into their real and imaginary part fk(U, V ) = gk(U, V ) + ihk(U, V ), where gk and hk are defined
over R. Then W is the variety defined by (gk, hk).

By a gluing process we can apply this procedure to projective algebraic varieties. So we attach to
every affine or projective variety V of dimension d defined over C an affine (respectively projective)
algebraic variety WV of dimension 2d defined over R with WV (R) = V (C). It is a nice exercise to
show that WV · C is isomorphic to V × V as algebraic variety over C.

What we have sketched above is the most simple example of scalar (or Weil-) restriction of varieties
defined over a finite algebraic extension field L of a field K to varieties over K . This construction
will play an important role later (cf. Chapter 7 on Weil descent).

Riemann surfaces

We apply Weil descent to irreducible nonsingular projective curves C defined over C and get an
irreducible two-dimensional projective variety WC defined over R. The analytic structure of C
induces a differentiable real structure that makes WC locally isomorphic to a unit ball in R2. That
means that for every P ∈ WC(R) there is an open neighborhood UP ∈ WC and real differentiable
functions f1, f2 defined on UP mapping UP to the open unit disc in R2 and sending P to (0, 0).

Since C(C) is compact, it follows that WC is compact in the real topology.
As result we get that the projective curve C carries in a natural way the structure of a compact

Riemann surface. We remark that the converse is true, too: every compact Riemann surface is the
Weil descent of a projective nonsingular irreducible curve defined over C.

Riemann surfaces R are classical and very well studied objects in geometry. One key ingredient
is the study of paths on them up to homology (cf. [GRHA 1978]). They can be used to define
the topological genus gtop of R. Namely fixing a base point P0 and composing closed paths in a
natural way we turn the set of points P into a group. By identifying homologous paths we get the
fundamental group ΠR of R as quotient of P . It is generated by 2g top paths satisfying one relation
which lies in the commutator subgroup of the fundamental group. This implies that the maximal
abelian factor group of ΠR, the first homology group H1(R, Z), is a free abelian group with 2g top

generators (α1, . . . , α2gtop).

We come back to the case that R = WC with C a projective curve over C.

Proposition 5.5 The genus g of C is equal to the topological genus g top of WC .

Using well-known results from (real and complex) calculus we do integration on W C using holo-
morphic differentials ω on C and closed paths α on WC . As above we choose a base point P0 on
WC and get the group P by composing closed (continuous) paths beginning in P 0.

Lemma 5.6 We have a map

〈· , ·〉0 : P × ΩC → C

defined by 〈α, ω〉0 :=
∫

α
ω where

∫
α

is the line integral along the path α.
Moreover, 〈· , ·〉0 is independent of the homology class of α and vanishes when restricted to the

commutator subgroup of P in the first component.

Corollary 5.7 The map 〈· , ·〉0 induces a pairing, that is denoted by 〈· , ·〉, between the Z-module
H1(WC , Z) and the C-vector space ΩC .
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§ 5.1 Varieties over the field of complex numbers 91

Recall that we have chosen a basis (ω1, . . . , ωg) of the space of holomorphic differentials on C. We
define the map

φ : H1(WC , Z) −→ Cg

τ �−→
(∫

α ω1, . . . ,
∫

α ωg

)
where α is a path in the class of τ .

Proposition 5.8 The image ΛC of φ is a full lattice in Cg, i.e., a discrete free Z-module of rank 2g
in Cg .

By this proposition we can associate a full rank lattice to each curve over C. The following lemma
describes what quotients of lattices look like.

Lemma 5.9 Let Λ be a lattice of full rank in Cg and let Cg/Λ be the quotient group with quotient
topology. Then Cg/Λ is compact and locally isomorphic (as topological space) to the unit ball in
Cg.

Corollary 5.10 The set Cg/ΛC is a compact topological space with respect to the quotient topology
inherited from Cg . It is locally homeomorphic to the unit ball in Cg .

Definition 5.11 The lattice ΛC is called the period lattice of C (with respect to the basis {ω1, . . . ,
ωg} of the holomorphic differentials).

We are now ready to define the Abel–Jacobi map. We fix the base point P 0 ∈ C(C). For P ∈ C(C)
choose a path γ from P0 to P and define Jγ(P ) :=

(∫
γ

ω1, . . . ,
∫

γ
ωn

)
∈ Cg. The tuple Jγ(P ) will

— in general — depend on the choice of γ. If γ ′ is another path from P0 to P then γ and γ ′ differ
by a closed path beginning in P0 and so Jγ(P ) − Jγ′(P ) is an element of ΛC .

Definition 5.12 The Abel–Jacobi map is defined by

J : C(C) → Cg/ΛC

P �→ Jγ(P ) + ΛC .

We can generalize this definition to divisors on C by linear extension. We denote the corresponding
map again by J .

Theorem 5.13 (Abel–Jacobi)

(i) Let D be a principal divisor of C. Then J(D) = 0. So J induces a map J̄ from Pic0
C to

Cg/ΛC .

(ii) The map J̄ is a group isomorphism.

By Lemma 5.9 the group Cg/ΛC carries an analytic structure since it is locally homeomorphic to
the unit ball in Cg. The group Pic0

C carries the structure of an abelian variety, namely the Jacobian
variety JC of C (see Definition 4.134). Hence, it has an analytic structure, too. The theorem of
Abel–Jacobi includes that J̄ is an analytic isomorphism.

So the structure of JC as analytic variety is rather simple and described by Cg/Λ.
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92 Ch. 5 Varieties over Special Fields

5.1.3 Complex tori and abelian varieties

An important part of the introduction to the objects relevant for cryptography were the connected
projective algebraic groups called abelian varieties (cf. Section 4.3). The analytic counterpart are
connected compact complex Lie groups (cf. e.g., Lang [LAN 2002a]).

We give the most simple example of a complex Lie group: take C d with the usual complex
structure and with vector addition + as group composition. It is obvious that the addition + as well
as the inversion − are holomorphic. The group Cd is not compact but we can easily find quotients
that are compact.

For this we choose a lattice (always assumed to be of full rank) Λ ⊂ Cd, i.e., there is a basis
{μ1, . . . , μ2d} of Cd as real vector space such that

Λ =

{
2d∑

j=1

zjμj | zj ∈ Z

}
.

Equivalently we have: Λ is a Z-submodule of Cd of rank 2d which is discrete, i.e., in every bounded
subset of Cd there are only finitely many elements of Λ.

We can endow Cd/Λ with an analytic structure in a natural way. Let the Uj be open sets covering
Cd/Λ such that each Uj is homeomorphic via bijective continuous maps ϕ j to balls Bj in Cd. The
maps ϕj are assumed to be compatible with restrictions to intersections of the sets U j . We define
holomorphic functions on Uj as functions fj : Uj → C such that fj ◦ ϕ−1

j are holomorphic on
Bj and come to global functions by gluing local holomorphic functions. Meromorphic functions
are defined as quotients of holomorphic functions. It is an immediate consequence from these
definitions that Cd/Λ carries the structure of a complex connected Lie group that is a quotient (as
Lie group) of Cd/Λ.

Definition 5.14 A complex Lie group isomorphic to C d/Λ is called a complex d-dimensional torus.

A fundamental result is:

Proposition 5.15 Let X be a connected compact complex Lie group of dimension d. Then X is
isomorphic to a torus T := Cd/Λ.

For the proof see [MUM 1974, p. 2].
We apply this to an abelian variety A of dimension d defined over C. The associated analytic

variety Aan is connected and compact. Since addition and inversion on A are given by polynomials,
Aan is a torus and, hence, is isomorphic to the Lie group Cd/Λ for some lattice Λ. Note that by this
isomorphism the addition on A is transferred into a very easy form. It is just the vector addition in
Cd modulo Λ.

Next we shall study the converse. We want to decide whether T is the analytic companion of an
algebraic variety. By Chow’s theorem this is equivalent to the question whether we can embed T
into a projective space such that the analytic structures are compatible.

If this is possible we shall find d algebraically independent meromorphic functions on T . By stan-
dard methods of algebraic theory (the key word is “ample line bundle”) one sees that the converse is
true, too. So one has to construct meromorphic functions on T , or equivalently, meromorphic func-
tions on Cd which are periodic with respect to Λ. There are well-known methods for this (for d = 1
one uses results like the Weierstraß product theorem or the Mittag–Leffler theorem). In general the
main ingredients are theta functions attached to Λ. We shall need them later on (cf. Chapter 18)
and then deal explicitly with the case that is most interesting for us, and so we do not give a formal
definition here.

In [MUM 1974, pp. 24-35] one finds the discussion what additional properties Λ has to have in
order to have enough periodic functions.
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§ 5.1 Varieties over the field of complex numbers 93

First recall that a Hermitian form H on Cd × Cd can be decomposed as

H(x, y) = E(ix, y) + iE(x, y)

where E is a skew symmetric real form on Cd satisfying E(ix, iy) = E(x, y). The form E is called
the imaginary part 
m(H) of H . (Since these notations are rather standard we find it convenient
not to change them though the letter E is used for elliptic curves in most cases. We hope that this
does not give rise to confusion.)

Theorem 5.16 The torus T = Cd/Λ can be embedded into a projective space and, hence, equals
the analytic variety attached to an abelian variety if and only if there exists a positive definite
Hermitian form H on Cd with E = 
m(H) such that E restricted to Λ × Λ has values in Z.

We use the structure theorems for Hermitian forms and get

Corollary 5.17 Let T = Cd/Λ be a complex torus attached to an abelian variety A. Then Λ is
isomorphic to Zd ⊕ Ω · Zd, where the (d × d)-matrix Ω is symmetric and has a positive definite
imaginary part, i.e., lies in the Siegel upper half plane H g.

Corollary 5.18 Assume that d = 1, i.e., A is an elliptic curve E. Then the torus associated to E is
isomorphic to C/(Z + τZ) where τ is a complex number with positive imaginary part.

Definition 5.19 We call Ω the period matrix of A.

We continue to assume that T = Aan with Hermitian form H and E = 
m(H).
With the help of E we can define a dual lattice Λ̂ given by

Λ̂ :=
{
x ∈ Cd | E(x, y) ∈ Z, for all y ∈ Λ

}
.

The lattice Λ̂ contains Λ and Λ̂/Λ is finite. Furthermore, Λ̂ belongs to a torus T̂ , which is attached
to an abelian variety Â. In fact we have just constructed the dual abelian variety to A by analytic
methods over the complex numbers (see [MUM 1974], 82-86). There it is also shown how this dual
abelian variety can be constructed by purely algebraic methods over any ground field.

For us a special case is most important. Assume that Λ̂ = Λ and so A is equal to its dual.

Definition 5.20 If Λ̂ = Λ then A is called principally polarized.

Corollary 5.21 Let A be a principally polarized abelian variety over C with lattice Λ, Hermitian
form H and E = 
m(H). Then there exists a basis {μ1, . . . , μ2d} of Λ such that[

E(μi, μj)
]
1�i,j�2d

=

[
0 Id

−Id 0

]
.

Now we come back to the theme of this book, namely projective irreducible nonsingular curves C
and their Jacobians JC .

By the theorem of Abel–Jacobi (cf. Theorem 5.13) we have found an isomorphism from Pic 0
C , the

divisor class group of degree 0 of C to Cg/ΛC by integrating a basis of holomorphic differentials
along paths that form a basis of the first homology group of C. So the period lattice of C is attached
to the isomorphism class of (JC)an.

Definition 5.22 The period matrix ΩC of ΛC is called the period matrix of C. The form E(x, y) is
called the Riemann form.

Lemma 5.23 The period matrix ΩC can be computed by integrating a basis of holomorphic differ-
entials along paths on the Riemann surface corresponding to C.

By duality theorems about differentials and paths on Riemann surfaces one sees:

Proposition 5.24 The Jacobian of a projective irreducible nonsingular curve is a principally polar-
ized abelian variety.
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94 Ch. 5 Varieties over Special Fields

5.1.4 Isogenies of abelian varieties over CCCCCC

We can use the torus representation of abelian varieties to find the algebraic results about torsion
points, isogenies and endomorphisms. So assume that A is analytically given by T = C d/Λ.

First we find a result given previously.

Proposition 5.25 Let n be a natural number. The points of order dividing n of A, A[n], are iso-
morphic to the subgroup 1

nΛ/Λ ⊂ Cd/Λ and hence isomorphic to (Z/nZ)2d.

Let G be a subgroup of 1
nΛ/Λ. The inverse image of G in Cd is a lattice ΛG that contains Λ, and

hence we get a quotient map from T to Cd/ΛG = T/G with kernel isomorphic to G. This quotient
map is, by definition of the analytic structure on tori, an analytic map. The Hermitian structure on
T induces one on TG that satisfies the condition from Theorem 5.16 and hence TG corresponds to
an abelian variety AG.

By Lemma 5.2 the quotient map comes from an algebraic morphism that is an isogeny from A to
AG with kernel corresponding to G.

Proposition 5.26 Let A be an abelian variety defined over C with lattice Λ ⊂ C d. The isogenies
η of degree n of A are, up to isomorphisms, in one-to-one correspondence with lattices Λ η which
contain Λ and satisfying [Λη : Λ] = n. The kernel of η is isomorphic to Λη/Λ.

Of special interest are isogenies with image isomorphic to A. For simplicity and since it is in the
center of our interest we restrict the discussion to simple abelian varieties.

We know that in this case the ring EndC(A) of endomorphisms of A is a skew field and that all
endomorphisms different from the zero map are isogenies.

We want to use the results of Proposition 5.26 but look at them from a slightly different point of
view. In the proposition we interpreted isogenies as quotient maps of the identity map on C d with
changing lattices. Now we shall fix the lattice Λ and study holomorphic additive maps α : C d → Cd.
Such a map α induces an endomorphism of A if and only if it is well defined modulo Λ, i.e.,
α(Λ) ⊂ Λ.

Example 5.27 We give the most simple example to explain this. Look at the endomorphism [n]
obtained by scalar multiplication with n.

In the first interpretation we take as lattice of the image the lattice 1
nΛ and take the quotient map

from Cd/Λ to Cd/
(

1
nΛ
)
.

In the second interpretation we multiply elements in Cd by n and so the subset 1
nΛ is mapped to

Λ and hence to the zero element of the torus associated to A.

From the condition imposed on α (it has to be continuous) it follows that α is a linear invertible
map on the real vector space of dimension 2d attached to Cd. Hence (after having chosen a basis
{μ1, . . . , μ2d} of Λ) we can describe α by a real invertible (2d × 2d)-matrix B with the additional
condition that α maps Λ into itself. But this is equivalent to the condition that B has integers as
coefficients. Hence the characteristic polynomial χ(α)A(T ) of α is a monic polynomial of degree
2d with integers as coefficients.

Remark 5.28 The reader should recall that we have described endomorphisms α in the algebraic
setting by using Tate modules to produce �-adic representations. One of the crucial results due to
Weil is that the characteristic polynomials do not depend on the prime �.

Here we use the period lattice to produce an integral representation again of dimension 2d. It
plays the role of Tate modules in the analytic setting. The resulting characteristic polynomial χ α(T )
is the same as the corresponding �-adic polynomial. This remark will become important for point
counting algorithms.
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§ 5.1 Varieties over the field of complex numbers 95

Until now we have only looked at linear algebra and continuity. But we have to take into account
the analytic structure that yields holomorphy conditions for α.

We shall explain this in the simplest case.

Example 5.29 Let A =: E be an elliptic curve. The associated analytic variety is isomorphic to
C/(Z + τZ) with τ /∈ R. A holomorphic additive map α is given by a matrix

B =

[
n1 n2

n3 n4

]

over Z if we take {1, τ} as basis, it also represents a multiplication by a complex number β that is
determined by α(1) =: β = n1 + n2τ . Hence it maps τ to βτ = n1τ + n2τ

2 = n3 + n4τ .
Now assume that n2 �= 0 or, equivalently, that β /∈ Z. Then τ satisfies the equation

n2τ
2 + (n1 − n4)τ − n3 = 0

and, hence, Q(τ) is an imaginary quadratic field K .
The lattice Z + τZ is an ideal Aτ of an order of K , and the isogenies correspond to numbers

n1 + n2Z that map Aτ into itself. But this means that EndC(E) is an order (cf. Definition 2.81) in
K and that E has complex multiplication.

For higher dimensional abelian varieties A, analogous but more complicated considerations lead to
the CM-theory mentioned already in the algebraic part. Again one gets that the lattice of abelian
varieties with complex multiplication is very special and that the period matrix has an algebraic
structure. This combined with class field theory is the key of the CM method used to construct
abelian varieties over finite fields with known number of points. We shall be more precise in the
next sections in the case of elliptic and hyperelliptic curves and come to algorithmic details in
Chapter 18.

5.1.5 Elliptic curves over CCCCCC

In this section we shall apply the theory of curves and their Jacobians over C for elliptic curves E.

5.1.5.a The complex theory of elliptic curves

We recall Corollary 5.18 that the Jacobian variety of E and hence E itself is analytically isomorphic
to C/(Z + τZ) where τ is a complex number with a positive imaginary part.

Let E be given by an affine Weierstraß equation

E : y2 = x3 + a4x + a6 with a4, a6 ∈ C.

As a consequence of the theorem of Abel–Jacobi 5.13 we get: there is an analytic isomorphism
between the groups E(C) and C/ΛE where ΛE is a lattice Zω1 + Zω2 in C.

We want to describe explicitly this isomorphism. For this we begin with the lattice Λ = Zω 1 +
Zω2 and then construct the elliptic curve corresponding to it. We shall follow closely [COH 2000,
Chapter 7] and [SIL 1986, Chapter VI, section 3]. The first step is to find the meromorphic func-
tions.

Definition 5.30 Let ω1, ω2 ∈ C be linearly independent over R. An elliptic function with periods
{ω1, ω2} is a meromorphic function f(x) on C such that for all x ∈ C one has f(x + ω 1) =
f(x + ω2) = f(x).
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We shall fix ω1, ω2 as well as the lattice Λ spanned by them in the following. Elliptic functions will
always be periodic with respect to Λ.

The task is to construct nonconstant elliptic functions. It was solved by Weierstraß.

Definition 5.31 The Weierstraß ℘-function is defined by the series

℘(z, Λ) =
1
z2

+
∑

ω∈Λ� {0}

(
1

(z + ω)2
− 1

ω2

)
· (5.1)

This series converges uniformly on every compact subset of C � Λ. The function ℘ := ℘(z, Λ)
defined by (5.1) is a meromorphic function on C with poles (of order 2) in Λ. It is an even function,
i.e., ℘(z, Λ) = ℘(−z, Λ) for all z ∈ C � Λ.

The proofs are straightforward applications of the basics of complex analysis, see e.g., [SIL 1986,
Chapter VI, Theorem 3.1].

As usual we denote by ℘′ := ℘′(z, Λ) the derivative of ℘. Again it is an elliptic function. It can be
computed easily by using the series defining ℘; the result is again a series whose first term is − 2

z3 ·
It follows immediately that ℘′ is an odd function, i.e., ℘′(z) = −℘′(−z).

Define the Eisenstein series Gn := Gn(Λ) of weight n for Λ by

Gn(Λ) :=
∑

ω∈Λ� {0}

ω−n.

The fundamental observation is:

Theorem 5.32 The elliptic functions ℘ an ℘ ′ satisfy the equation

℘′(z)2 = 4℘(z)3 − 60G4℘(z) − 140G6.

This is the affine equation for an elliptic curve EΛ with function field C(℘, ℘′). The map

Φ : C/Λ → EΛ ⊂ P2

z �→
{(

℘(z) : ℘′(z) : 1
)

for z /∈ Λ
Φ(Λ) = (0 : 1 : 0)

is an isomorphism of Riemann surfaces, which is a group homomorphism (using the induced natural
additive group structure on C/Λ and the elliptic curve group structure on E Λ).

Hence EΛ is the abelian variety attached to the torus C/Λ, and we can interpret the map Φ as
the inverse of the Abel–Jacobi map from EΛ as curve to its Jacobian variety which is isomorphic to
EΛ.

Remark 5.33 The equation defining EΛ is not quite in the standard Weierstraß form. We obtain it
if we replace ℘′ by y = 1/2℘′ and set x = ℘, g2 := g2(Λ) := 15G4(Λ) and g3 := g3(Λ) :=
35G6(Λ). The resulting equation is

EΛ : y2 = x3 − g2x − g3.

We have seen that for every lattice Λ we can use g2(Λ) and g3(Λ) to obtain the equation of the
corresponding elliptic curve EΛ. The first question is now to describe in terms of the two lattices
Λ, Λ′ what it means that EΛ is isomorphic to EΛ′ .

As we have seen in Lemma 5.2 this is equivalent to the question under which conditions C/Λ is
analytically isomorphic to CΛ′ .
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Example 5.34 Take α ∈ C∗ and define the map tα from C to C by z �→ αz. Define Λ′ := αΛ.
Then tα induces an analytic isomorphism

hα : C/Λ → C/αΛ.

Motivated by the example we define that two lattices Λ1 and Λ2 are homothetic if there is an α ∈ C∗

such that αΛ1 = Λ2.

Theorem 5.35 There is a canonical isomorphism between the set of C-isomorphism classes of el-
liptic curves and the set of homothety classes of lattices in C.

Corollary 5.36 Let Λ be a lattice in C with basis {ω1, ω2}. We can assume (by replacing ω1 by
−ω1 if necessary) that τ := ω2/ω1 is a complex number with positive imaginary part. Let Λ τ be
the lattice Z + τZ. Then the elliptic curve EΛ is isomorphic to EΛτ .

By this result we have attached to every (isomorphism class of) elliptic curves over C a unique
lattice Λτ := Z + τZ such that E is isomorphic to EZ+τZ =: Eτ with τ ∈ C with imaginary part

m(τ) > 0. But τ is not uniquely determined by Λτ .

Lemma 5.37 Let τ, τ ′ be complex numbers with positive imaginary part. Then Λ τ = Λτ ′ if and
only if there exist integers a, b, c, d with ad − bc = 1 and τ ′ = aτ+b

cτ+d ·

Definition 5.38 A complex function f which is holomorphic on the upper half plane

H := {τ ∈ C | 
m(τ) > 0)}

and which satisfies

f(τ) = f

(
aτ + b

cτ + d

)
for all integers a, b, c, d with ad − bc = 1 is called a modular function.

The set of modular functions forms a field F1.

Example 5.39 Define

j : H → C

τ �→ j(τ) := 1728
g2(Λτ )3

4g2(Λτ )3 − 27g3(Λτ )2
·

Then j ∈ F1.

Theorem 5.40

(i) The field of modular functions is equal to C(j).
(ii) The elliptic curve Eτ is isomorphic to Eτ ′ if and only if j(τ) = j(τ ′).
(iii) Let E be an elliptic curve defined over C with absolute invariant jE (cf. Corollary 4.118)

Then there is a τ ∈ H with j(τ) = jE and E is isomorphic to Eτ .

Since j ∈ F1 we have j(τ + 1) = j(τ). (Take a = 1, b = 1, c = 0, d = 1.) We can use this identity
to develop j into a Laurent series “at ∞.”

Define q := e2πiτ and j∗(q) := j(τ). Observe that q approaches 0 when 
m(τ) becomes large.
It turns out that j∗ can be extended to a meromorphic function with a pole in 0 of order 1. Its
Laurent series has integer coefficients. It is called the q-expansion of the j-function.
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Proposition 5.41 The q-expansion of the j-function is given by

j(q) =
(1 + 240

∑∞
n=1 σ3(n)qn)3

q
∏

n∈N(1 − qn)24
·

For a proof we refer to [SIL 1994, Chapter I, Remark 7.4.2].
After having an explicit description of isomorphism classes of elliptic curves over C we now

determine the isogeny classes again by using the theory of complex tori (see Section 5.26) applied
to elliptic curves and get:

Proposition 5.42 Let E and E ′ be two elliptic curves defined over C with lattices Λ (respectively
Λ′).

Then E is isogenous to E ′ if and only if there exists an α ∈ C∗ with αΛ ⊂ Λ′. If so denote by
ηα the isogeny from E to E ′. Then the kernel of ηα is canonically isomorphic to α−1Λ′/Λ.

Corollary 5.43 Assume that E is an elliptic curve over C with jE = j(τ). Then

EndC(E) = {α ∈ C | αΛτ ⊂ Λτ}.

5.1.5.b Elliptic curves with complex multiplication

The ring
EndC(E) = {α ∈ C | αΛτ ⊂ Λτ}

always contains and in general will be equal to Z.
We reformulate the definition of complex multiplication (cf. Definition 4.88) applied to elliptic

curves E over C.

Definition 5.44 The elliptic curve E has complex multiplication if and only if End C(E) is larger
than Z.

In Example 4.90 we have already discussed that this implies:

Corollary 5.45 Let E be an elliptic curve defined over C with period τ . Then τ is a nonrational
integer in an imaginary quadratic field Kτ and EndC(E) is the order corresponding to Z + τZ in
Kτ .

The converse is true as well.

Proposition 5.46 Let K be an imaginary quadratic field, let O be an order of K , and let A be an
ideal of O. Then A ⊂ C is a lattice, the elliptic curve EA := C/A is an elliptic curve with complex
multiplication and EndC(EA) = O. For two ideals A, A′ of O we get: EA is isomorphic to EA′

over C (i.e., the absolute j-invariants are equal) if and only if A and A ′ are in the same ideal class.

So elliptic curves with complex multiplication have algebraic periods τ . But even more important
we get that the absolute invariant j(τ) is a very special algebraic integer, i.e., it is the zero of a
monic polynomial over Z, and is obtained as j-invariant of an ideal in an imaginary quadratic field.
The exact statement is the key result of class field theory of imaginary quadratic fields.

Theorem 5.47 Assume that E is defined over C and has complex multiplication. Let τ be its period.
Then Q(τ) is an imaginary quadratic field, EndQ(τ)(E) = EndC(E) is an order OE in Q(τ) and
the absolute invariant j(τ) is an algebraic integer that lies in the ring class field HOE over Q(τ).
The invariant j(τ) is the j-function evaluated at an ideal of OE .
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Recall that the ring class field of OE is an abelian extension of Q(τ) whose Galois group is isomor-
phic in a canonical way to the ideal class group of OE . The most important case for us will be that
OE is the ring of integers O of Q(τ). Then HOE is the Hilbert class field H of Q(τ), the maximal
Galois extension of Q(τ), which is unramified and has an abelian Galois group. In particular, we
get that the degree of H over Q(τ) is equal to the order of Cl(O), which is called the class number
of Q(τ) .

On the other side it follows easily from Theorem 5.35 that jEA depends only on the ideal class
group of A in Cl(O) and class field theory tells us that all the algebraic numbers jEA are conjugates
under the action of the Galois group of H over Q(τ). From this we get:

Corollary 5.48 Let K = Q(
√
−d) be an imaginary quadratic field with ring of integers O. Let E

be an elliptic curve with EndC(E) = O. Then the minimal polynomial of jE is the Hilbert class
polynomial

Hd(x) :=
hd∏
i=1

(
x − j(Ai)

)
where j(Ai) is the j-invariant of the elliptic curve corresponding to A i, the number hd is the order
of the ideal class group of K and Ai are representatives of elements of the class group of O. The
coefficients of the Hilbert class polynomial are rational numbers. As jE is an algebraic integer, they
are integers.

For the proof of Theorem 5.47 and Corollary 5.48, see for example [SIL 1986, Appendix C, Theo-
rem 11.2], or [LAN 1973, Chapter 10, Theorem 1].

Reduction of elliptic curves with complex multiplication

In Section 5.2 below we shall discuss elliptic curves over finite fields. The determination of the
order of the rational points will be one of the most important topics in this part. Here we can give a
bridge from elliptic curves over number fields to elliptic curves over finite fields.

The class polynomial

Hd(x) :=
hd∏
i=1

(
x − j(Ai)

)
can be reduced modulo a prime p to a polynomial H d(x)p defined over Fp, and it has simple roots
if p does not divide d.

Let Fpr be the smallest field that contains a root jp of Hd(x)p. It is the reduction modulo p of
one of the invariants j(Ai). As the elements j(Ai) are conjugate it follows that all roots of Hd(x)p

are in this field.
By the algebraic theory of elliptic curves we know that there are elliptic curves E p defined over

Fpr with absolute invariant jp. The curve Ep is determined up to twists, and if jp �= 0, 123 there is
exactly one twist of Ep.

For the sake of simplicity we shall assume now that r = 1 and that the prime number p is decom-
posed in Q(

√
−d). Class field theory of imaginary quadratic fields gives the following remarkable

result.

Theorem 5.49 There is an integer π ∈ Q(
√
−d) such that ππ = p and |p + 1 − (π + π)| is the

number of Fp-rational points on either Ep or one of its twists.

To understand this theorem one needs the theory of elliptic curves over finite fields and in partic-
ular of the Frobenius endomorphism and its related characteristic polynomial (cf. Example 4.87)
made explicit in Example 5.83. The theorem then states that the algebraic integer π, interpreted
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as endomorphism of Ej(Ai) operates modulo p on Ep or one of its twists as Frobenius endomor-
phism, and so the characteristic polynomial of π, interpreted as an algebraic number, is equal to the
characteristic polynomial of the Frobenius endomorphism.

5.1.6 Hyperelliptic curves over CCCCCC

5.1.6.a Periods and invariants

Let C be a hyperelliptic curve of genus g defined over C with Jacobian variety J C . As we know
JC is as analytic variety isomorphic to a torus Cg/ΛC . Since JC is principally polarized ΛC can be
chosen in the form Zd ⊕Ω ·Zd, where the (g× g)-matrix Ω is symmetric and has a positive definite
imaginary part, i.e., lies in the Siegel upper half plane H g.

The matrix Ω is the period matrix of C. It can be computed by integrating a basis of holomorphic
differentials along paths on the Riemann surface corresponding to C. Since such a basis is explicitly
known for hyperelliptic curves (see Chapter 17) it is in principle possible to compute it. For elliptic
curves E this gives the period τ , a complex number with a positive imaginary part.

The next step for elliptic curves was to determine the isomorphism class when the period is
known. This task was solved by the j-function whose value at τ is the absolute invariant of E. To
construct j we used Eisenstein series as special functions on lattices, i.e., modular forms.

Analogous to the elliptic curve case we define values of complex functions to lattices that are
now Siegel modular forms: let Ω ∈ Hg the period matrix of a principally polarized abelian variety
and let z ∈ Cg be a column vector. The Riemann theta function is given by

θ(z, Ω) =
∑
n∈Zg

exp
(
πi(ntΩn + 2ntz)

)
.

This function is C-valued, holomorphic and symmetric, i.e., θ(z, Ω) = θ(−z, Ω).
For fixed Ω ∈ Hg we get a function from Cg to C and we define the Riemann theta divisor by

Θ(Ω) :=
{
z mod Λ | θ(z, Ω) = 0

}
.

Recall that τ and τ ′ define isomorphic elliptic curves if and only if τ ′ = aτ+b
cτ+d with a, b, c, d ∈ Z

and ad − bc = 1, i.e., if τ and τ ′ are equivalent under the action of SL2(Z), the group of invertible
(2 × 2)-matrices over Z with determinant 1.

An analogous result holds for arbitrary dimension. We define Sp(2g, Z) to be the symplectic
group of dimension g over Z. (For g = 1 this is SL2(Z).) It acts on Hg in a natural way (cf.
[LAN 1982]).

Theorem 5.50 Two period matrices Ω, Ω ′ define isomorphic principally polarized abelian varieties
if and only if they lie on the same orbit under the operation of the symplectic group Sp(g, Z) on H g.

For a proof see [LAN 1982].
The theta divisors of two equivalent period matrices Ω, Ω ′ do not have to be equal. But if they

are equivalent then there exists an a ∈ Ω
(

1
2Zg
)

+ 1
2Zg such that Θ(Ω′) = Θ(Ω)

a where Θ(Ω)
a denotes

the translation of Θ(Ω) by a.
This motivates the introduction of theta characteristics

θ

[
δ

ε

]
(z, Ω) =

∑
n∈Zg

exp
(

πi

(
n +

1
2
δ

)t

Ω
(
n +

1
2
δ

)
+ 2
(
n +

1
2
δ

)t(
z +

1
2
ε

))
(5.2)

with column vectors δ and ε ∈ (Z/2Z)g . If we fix δ, ε and set z = 0, we obtain functions on Hg,
called the theta constants. A theta constant is even, if δ tε ≡ 0 (mod 2), and odd otherwise. All
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odd theta constants vanish for principally polarized varieties. There are 2 g−1(2g + 1) even theta
constants.

Theorem 5.51 The complete set of theta constants uniquely determines the isomorphism class of a
principally polarized abelian variety of dimension g.

The proof is given in [IGU 1960].

Example 5.52 For g = 2 there are 10 even theta constants. A list of the vectors δ, ε ∈ (Z/2Z) 2

used to get them is found in [WEN 2003]. For g = 3 there are 32 even theta constants.

By the theta constants we have found a complete system of invariants for isomorphism classes of
principally polarized abelian varieties of dimension g � 2. But two things are disturbing. First these
invariants are not “independent.” Secondly and worse they are defined analytically. But they define
points in an algebraic variety, the moduli space of isomorphism classes of principally polarized
abelian varieties of dimension g. So we would like to have algebraically defined invariants.

For g = 2, 3 we can make this precise. Due to results of Weil [WEI 1957] we know that every
principally polarized abelian variety A of dimension g � 3 is the Jacobian variety of a curve
C. Because of the famous theorem of Torelli, the isomorphism class of A with its polarization
is determined uniquely by the isomorphism class of C. So the invariants have to be algebraic
expressions in the coefficients of the equation defining C. Recall that for elliptic curves E we can
express jE by the coefficients g2, g3 of a Weierstraß equation.

In fact we can find these algebraic invariants for hyperelliptic curves of genus 2 and 3 using work
of Igusa [IGU 1960] and Shioda [SHI 1967].

5.1.6.b Hyperelliptic curves of genus 222222

For every principally polarized abelian variety A of dimension two there exist three absolute in-
variants j1, j2, and j3 called Igusa invariants, which determine its isomorphism class. They can
be expressed in terms of the theta constants. The explicit formulas can be found in [WEN 2003,
Section 5].

Let C : y2 = x5 +f4x
4 +f3x

3 +f2x
2 +f1x+f0 be the curve with JC = A. Then the invariants

ji of the Jacobian of C can be expressed by

j1 = I5
2/I10, j2 = I3

2I4/I10 and j3 = I2
2I6/I10, (5.3)

where the Ii’s are given below expressed in the coefficients of the curve.
By Spallek [SPA 1994, p. 71] the absolute invariants Ii are given in terms of the coefficients fj

as

I2 = 6f2
3 − 16f4f2 + 40f1,

I4 = 4
`
f2
4 f2

2 − 3f3f
2
2 − 3f2

4 f3f1 + 9f2
3 f1 + f4f2f1 − 20f4

1 + 12f3
4 f0 − 45f4f3f0 + 75f2f0

´
,

I6 = − 2
`−4f2

4 f2
3 f2

2 + 12f3
3 f2

2 + 12f3
4 f3

2 − 38f4f3f
3
2 + 18f4

2 + 12f2
4 f3

3 f1 − 36f4
3 f1

− 38f3
4 f3f2f1 +119f4f

2
3 f2f1−14f2

4 f2
2 f1−13f3f

2
2 f1 +18f4

4 f2
1 −13f2

4 f3f
2
1 −88f2

3 f2
1

− 32f4f2f
2
1 +160f4

1 −30f3
4 f2

3 f0 +99f4f
3
3 f0 +80f4

4 f2f0 −246f2
4 f3f2f0 −165f2

3 f2f0

+ 320f4f
2
2 f0 − 308f3

4 f1f0 + 930f4f3f1f0 − 800f2f1f0 + 450f2
4 f2

0 − 1125f3f2
0

´
,

I10 = f2
4 f2

3 f2
2 f2

1 − 4f3
3 f2

2 f2
1 − 4f3

4 f3
2 f2

1 + 18f4f3f
3
2 f2

1 − 27f4
2 f2

1 − 4f2
4 f3

3 f3
1 + 16f4

3 f3
1

+ 18f3
4 f3f2f

3
1 − 80f4f

2
3 f2f

3
1 − 6f2

4 f2
2 f3

1 + 144f3f
2
2 f3

1 − 27f4
4 f4

1 + 144f2
4 f3f

4
1

− 128f2
3 f4

1 −192f4f2f
4
1 +256f5

1 −4f2
4 f2

3 f3
2 f0 +16f3

3 f3
2 f0 +16f3

4 f4
2 f0 −72f4f3f

4
2 f0

+ 108f5
2 f0 + 18f2

4 f3
3 f2f1f0 − 72f4

3 f2f1f0 − 80f3
4 f3f

2
2 f1f0 + 356f4f

2
3 f2

2 f1f0

+ 24f2
4 f3

2 f1f0 − 630f3f
3
2 f1f0 − 6f3

4 f2
3 f2

1 f0 + 24f4f
3
3 f2

1 f0 + 144f4
4 f2f

2
1 f0

− 746f2
4 f3f2f

2
1 f0 + 560f2

3 f2f
2
1 f0 + 1020f4f

2
2 f2

1 f0 − 36f3
4 f3

1 f0 + 160f4f3f
3
1 f0
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− 1600f2f
3
1 f0 − 27f2

4 f4
3 f2

0 + 108f5
3 f2

0 + 144f3
4 f2

3 f2f
2
0 − 630f4f

3
3 f2f

2
0 − 128f4

4 f3
2 f2

0

+ 560f2
4 f3f

2
2 f2

0 + 825f2
3 f2

2 f2
0 − 900f4f

3
2 f2

0 − 192f4
4 f3f1f

2
0 + 1020f2

4 f2
3 f1f

2
0

− 900f3
3 f1f

2
0 + 160f3

4 f2f1f
2
0 − 2050f4f3f2f1f

2
0 + 2250f2

2 f1f
2
0 − 50f2

4 f2
1 f2

0

+ 2000f3f2
1 f2

0 + 256f5
4 f3

0 − 1600f3
4 f3f

3
0 + 2250f4f

2
3 f3

0 + 2000f2
4 f2f

3
0 − 3750f3f2f

3
0

− 2500f4f1f
3
0 + 3125f4

0 .

Hence we can compute the invariants ji of the curve C if we know either its period matrix or the
curve equation. Conversely, from the invariants we get a system of polynomial equations for the
coefficients of an equation defining C and we can solve this system in principle, e.g., by applying
Buchberger’s algorithm.

But there is a much more efficient way due to Mestre [MES 1991].
To use it we have to define new invariants, which we call Mestre’s invariants. In his paper, Mestre

introduces the invariants A, B, C, D [MES 1991] and invariants j ′
1, j

′
2, j

′
3 with

j′1 = A5/D, j′2 = A3B/D and j ′3 = A2C/D

which satisfy

j′1 =
−j1
1205

, j′2 =
720j′1
6750

− j2
(1203 × 6750)

, j′3 =
j3

1202 × 2025100
+

1080j′2
2025

− 16j′1
375

·

In addition we need

α =
−1

4556250

(
1
j′1

+ 62208
)

+
16j′2
75j′1

+
16j′3
45j′1

− 2
j′22

3j′12
− 4j′2j

′
3

3j′21

which relates Mestre’s invariant D with Igusa’s discriminant Δ by α = D
Δ ·

Next one defines a conic Q(j1, j2, j3) by the equation∑
1�i,k�3

Qikxixk = 0

with

Q11 =
6j′3 + j′2

3j′1
,

Q12 = Q21 =
2
(
j′2

2 + j′1j
′
3

)
3j′1

2
,

Q13 = Q31 = Q22α

Q23 = Q32
1

j′1
2

(
j′2

3

3j′1
+

4j′2j
′
3

9
+

2j′3
2

3

)
,

Q33 =
1

j′1
2

(
j′1j

′
2α

2
+

2j′2
2
j′3

9j′1
+

2j′3
2

9

)
·

This conic is intersected with a cubic H(j1, j2, j3) given by the equation∑
1�i,k,l�3

Hiklxixkxl
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where

H111 =
2
“
j′1j

′
3 − 6j′2j

′
3 + 9j′1

2
α
”

9j′1
2

,

H112 = H211 =
2j′2

3
+ 4j′1j

′
2j

′
3 + 12j′1j

′
3
2

+ j′1
3
α

9j′1
3

,

H113 = H311 = H131 = H122 =
j′2

3
+ 4/3j′1j

′
2j

′
3 + 4j′2

2
j′3 + 6j′1j

′
3
2

+ 3j′1
2
j′2α

9j′1
3

,

H123 =
1

18j′1
3

 
2j′2

4

j′1
+ 4j′2

2
j′3 +

4j′1j
′
3
2

3
+ 4j′2j

′
3
2
+ 3j′1

2
j′2α + 12j′1

2
j′3α

!
,

H133 = H313 = H331 =
1

18j′1
3

 
j′2

4

j′1
+

4j′2
2
j′3

3
+

16j′2
3
j′3

3j′1
+

26j′2j
′
3
2

3
+ 8j′3

3
+ 3j′1j

′
2
2
α + 2j′1

2
j′3α

!
,

H222 =
1

9j′1
3

 
3j′2

4

j′1
+ 6j′2

2
j′3 +

8j′1j
′
3
2

3
+ 2j′2j

′
3
2 − 3j′1

2
j′3α

!
,

H223 = H232 = H322 =
1

18j′1
3

 
−2j′2

3
j′3

3j′1
− 4j′2j

′
3
2

3
− 4j′3

3
+ 9j′1j

′
2
2
α + 8j′1

2
j′3α

!
,

H233 = H323 = H332 =
1

18j′1
3

 
j′2

5

j′1
2 +

2j′2
3
j′3

j′1
+

8j′2j
′
3
3

9
+

2j′2
2
j′3

2

3j′1
− j′1j

′
2j

′
3α + 9j′1

3
α2

!
,

H333 =
1

36j′1
3

 
−2j′2

4
j′3

j′1
2

− 4j′2
2
j′3

2

j′1
− 16j′3

3

9
− 4j′2j

′
3
3

j′1
+ 9j′2

3
α + 12j′1j

′
2j

′
3α + 20j′1j

′
3
2
α

!
·

Note that this is easily done if the conic has a rational point. Then the set of points on the conic can
be parameterized by a parameter t. So in the worst case we have to go to a quadratic extension of
K to perform this step. The intersection consists of six points that are the zeroes of a polynomial
f(t) of degree 6 in the parameter t.

Lemma 5.53 (Mestre) The curve C with Igusa invariants {j1, j2, j3} can be given by the equation

y2 = f(x).

where f is the polynomial of degree 6 constructed above.

We note that this is not the standard form for an equation of genus 2. But we can transform one of
the zeroes of f(x) to be the infinite point on C and then find an equation

y2 = f̄(x)

with f̄ a polynomial of degree 5 for the curve C.
Until now we have done all computations over C. But Mestre’s result is a purely algebraic one,

and so we get:

Theorem 5.54 Let A be a principally polarized abelian variety defined over C with Igusa invariants
{j1, j2, j3}. Let K0 ⊂ C be a field containing these invariants and such that the conic Q(j1, j2, j3)
has a K0-rational point. Then A is the Jacobian variety of a curve C of genus 2 defined over K 0.
Its equation is

y2 = f(x),

where f(x) is the polynomial of degree 6 from Lemma 5.53.
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Let K be an extension field of K0 such that f(x) has a zero x0 in K . Then C as curve over K can
be given by the equation

y2 = f̄(x)

which is obtained by transforming the point (x0, 0) to infinity.

5.1.6.c Hyperelliptic curves of genus 333333

Let A be a principally polarized abelian variety of dimension 3. We assume that we know its period
matrix. So we know the theta constants and, by using a theorem of Mumford–Poor, we can decide
whether it is the Jacobian of a hyperelliptic curve (cf. [WEN 2001a, Theorem 4.3]. If so we want to
find the equation of the corresponding curve given in the form

C : y2 = f(x)

where f(x) is a polynomial of degree 7.
In principle we can proceed as in the case of genus 2. Only things become more complicated.

One way proposed in [WEB 1997] is as follows. First one computes the Rosenhain model

y2 = x(x − λ1) · · · (x − λ7)

of C where the complex numbers λi are rational expressions in theta constants. Having this equation
one computes the Shioda invariants j1, j3, j5, j7, j9, which determine the isomorphism class of C
as curve over C.

Then a variant of Mestre’s method allows us to find an equation for C that is defined over field of
degree � 2 over Q(j1, j3, j5, j7, j9). For details we refer to [WEB 1997] and [WEN 2001a].

Remarks 5.55

(i) In [WEB 1997] the theoretical results and the algorithms to compute curves are given
for hyperelliptic curves of genus � 5.

(ii) In the elliptic case we went further. By using the Weierstraß ℘ function and its derivative
we were able to make (the inverse of) the Abel–Jacobi map explicit. In [KAM 1991] it
is shown that an analogous definition of Weierstraß functions and its higher derivatives
can be used to achieve this for hyperelliptic curves of any genus.

5.1.6.d Hyperelliptic curves of genus 222222 and 333333 with CM

In the last section we have seen that the knowledge of the period matrix of a hyperelliptic curve C
of genus 2 or 3 makes it possible to compute its invariants and then to determine its equation in an
algebraic way.

We shall discuss now how the theory of CM-fields makes it possible to determine the invariants in
an algebraic way if JC has complex multiplication. Though the ideas are quite analogous to those
that occurred in the case of complex multiplication of elliptic curves we need considerably more
technical details. The key ingredients were developed in the important book of Taniyama–Shimura
[SHTA 1961]. The reader who is interested in this deep and beautiful theory is encouraged to use
this book as reference for the whole section.

We shall begin by giving a very rough sketch of the general CM theory and then we shall apply it
to the special case of Jacobian varieties of hyperelliptic curves of genus 2 and 3.
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§ 5.1 Varieties over the field of complex numbers 105

Abelian varieties to CM-types

A number field K with [K : Q] = 2g is called CM-field if K is an imaginary quadratic extension
of a totally real number field K0.

Let ϕi, 1 � i � 2g be the 2g distinct embeddings from K into C. A tuple

(K, Φ) :=
(
K, {ϕ1, ϕ2, . . . , ϕg}

)
is called CM-type, if all embeddings ϕi are distinct and no two of them are complex conjugate to
each other.

Let A � Cg/ΛA be an abelian variety over C with End(A) ⊗ Q � K . Hence A has com-
plex multiplication with ring of endomorphisms being an order O ⊂ K . We have to make the
identification of O with End(A) more explicit.

Definition 5.56 Assume that the operation of α ∈ O on A is given by the action of⎡⎢⎢⎣
ϕ1(α)

. . .

ϕg(α)

⎤⎥⎥⎦ .

on Cg. Then A is an abelian variety of CM-type (K, Φ) =
(
K, {ϕ1, · · · , ϕg}

)
.

Proposition 5.57 For every abelian variety A with End(A) ⊗ Q � K there exists a CM-type
(K, Φ) =

(
K, {ϕ1, · · · , ϕg}

)
.

To ease things we restrict ourselves (as in the case of elliptic curves) to the case that End(A) = OK ,
the ring of integers in K .

Theorem 5.58 Let A be an ideal in OK and let (K, Φ) be a CM-type. Take

Φ(A) :=
{(

ϕ1(α), . . . , ϕg(α)
)t | α ∈ A

}
in Cg .

Then Φ(A) is a lattice in Cg and the torus Cg/Φ(A) is an abelian varietyAA,Φ which has complex
multiplication by OK .

The action of OK on Cg/Φ(A) is given by the action of the g-tuple⎡⎢⎢⎣
ϕ1(γ)

. . .

ϕg(γ)

⎤⎥⎥⎦ with γ ∈ OK

on Cg. Conversely every abelian variety A of CM-type (K, Φ) with complex multiplication by OK

is isomorphic to an abelian variety AA,Φ.

The proof of this theorem can be found in [SHTA 1961].

Principal polarizations

We are interested in Jacobian varieties and corresponding curves with complex multiplications and
so we need a finer structure: we want to construct principally polarized abelian varieties and we
have to determine isomorphism classes of abelian varieties with principal polarizations. For this it
is convenient to make an additional assumption that is very often satisfied: the maximal real subfield
K0 of K has class number 1, i.e., the ring of integers OK0 is principal.
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Lemma 5.59 Assume that the maximal real subfield K0 in the CM-field K has class number 1. Let
(K, Φ) be a CM-type, A an ideal of OK and AA,Φ the abelian variety attached to these data.

There exists a basis {α1, . . . , α2g} of Φ(A) such that the Riemann form 5.22 is

[
E(αi, αj)

]
1�i,j�2n

=

[
0 Ig

−Ig 0

]
.

Hence the period matrix of AA,Φ lies in the Siegel upper half plane Hg and we can endow AA,Φ

with a principal polarization determined by an element γ in K (cf. [LAN 1982]).

For a proof see [WEN 2001b].

Definition 5.60 We take the notations as in the Lemma 5.59. We shall write (AA,Φ, γ) for the
abelian variety corresponding to the ideal A, the CM-type Φ and the polarization attached to γ.

As in the case of elliptic curves, we now need a characterization of isomorphism classes of abelian
varieties with principal polarization that correspond to a given CM-type (K, Φ).

For this we need some notation. Let K be a CM-field with CM-type Φ. We assume that the
maximal totally real subfield has class number 1.

Let U+ denote the totally positive units of K0 (i.e., units u in OK such that for all 1 � j � g
we have ϕi(u) is a positive real number). Let U1 be the image of the norm map from K to K0

applied to the units in OK . We denote by ε1, . . . , εd a system of representatives for U +/U1. Note
that the complex conjugation generates the Galois group of K over K 0. Using our assumption
that the class number of K0 is 1 we get that for any ideal A of K the ideal AA can be interpreted as
a principal ideal (α) of K0.

Definition 5.61 The subgroup Cl ′(OK) of the class group Cl(OK) consists of the ideal classes c
that contain an ideal A with AA = αOK with ϕi(α) totally positive, i.e., ϕi(α) is a real positive
number for every 1 � i � g. The order of Cl(OK)′ is denoted by h′

K .

We have the following theorem:

Theorem 5.62 Let (AOK ,Φ, γ) be a principally polarized abelian variety attached to OK . Let
A1, . . . ,
Ah′

K
be a system of representatives for Cl(OK)′ with AiAi = (αi) and αi totally positive. There

are h′
kd isomorphism classes of principally polarized abelian varieties with complex multiplication

by OK of CM-type (K, Φ).

Let KΦ =
d⋃

l=1

K l
Φ with

K l
Φ =

{
(AAi , εl(αiγ)−1) | i = 1, . . . , h′

k

}
.

The set KΦ is a set of representatives of the isomorphism classes of principally polarized abelian
varieties of CM-type (K, Φ).

Warning: principally polarized abelian varieties of different CM-types can be isomorphic.

Example 5.63 Consider the case where the principally polarized abelian variety has dimension two.
Here, the CM-field is an imaginary quadratic extension of a real quadratic field K 0.

If K is Galois, we get all isomorphism classes of principally polarized abelian varieties with
complex multiplication with OK by choosing one CM-type.

If K is non-normal, we need two CM-types to get all isomorphism classes of principally polarized
abelian varieties.

Handbook of Elliptic and Hyperelliptic Curve Cryptography G. Frey and T. Lange
c© 2006 by CRC Press, LLC



§ 5.1 Varieties over the field of complex numbers 107

Class polynomials for hyperelliptic curves of genus 222222 and 333333
Recall from the previous paragraph that for elliptic curves with complex multiplication by O K the
j-invariant lies in the Hilbert class field of the imaginary quadratic field K . Again the situation is
analogous but more complicated in the higher dimensional case.

We need the notion of the reflex CM-field K̂ ([SHI 1998]), which for g = 1 is equal to K and in
general different from K . We shall not need the explicit definition of the reflex CM-field but use the
arithmetic information from class field theory to determine minimal polynomials for invariants.

Theorem 5.64 Let K be a CM-field of degree 4 over Q.

(i) The Igusa invariants j1(C), j2(C), j3(C) for hyperelliptic curves C of genus 2 with
complex multiplication with the ring of integers OK of K are algebraic numbers that lie
in a class field over the reflex CM-field K̂.

(ii) For hyperelliptic curves C and C ′ with complex multiplication with OK we get that for
k ∈ {1, 2, 3} the invariants jk(C) and jk(C′) are Galois conjugates.

(iii) Let {C1, . . . , Cs} be a set of representatives of isomorphism classes of curves of genus 2
whose Jacobian varieties have complex multiplication with endomorphism ring OK . We
denote by jk(i) the k-th Igusa invariant belonging to the curve C i.
The three class polynomials

HK,k(X) =
s∏

i=1

(
X − j

(i)
k

)
, k = 1, . . . , 3.

have coefficients in Q.

For hyperelliptic curves of genus 3 we get a completely analogous result.

Theorem 5.65 Let K be a CM-field of degree 6 over Q.

(i) The Shioda invariants j1(C), j3(C), j5(C), j7(C), j9(C) for hyperelliptic curves C of
genus 3 with complex multiplication with the ring of integers OK of K are algebraic
numbers that lie in a class field over the reflex CM-field K̂.

(ii) For hyperelliptic curves C and C ′ with complex multiplication with OK we get that for
k ∈ {1, 3, 5, 7, 9} the invariants jk(C) and jk(C′) are Galois conjugate.

(iii) Let {C1, . . . , Cs} be a set of representatives of isomorphism classes of curves of genus 3
whose Jacobian varieties have complex multiplication with endomorphism ring OK . We
denote by jk(i) the k-th Igusa invariant belonging to the curve C i.
The five class polynomials

HK,k(X) =
s∏

i=1

(
X − j

(i)
k

)
, k ∈ {1, 3, 5, 7, 9}.

have coefficients in Q.

Denominators in the class polynomials

The careful reader will have remarked that — contrary to the elliptic case — we did not claim in
Theorems 5.64 and 5.65 that the class polynomials have integer coefficients. In fact this is wrong.

There are two reasons for this. First, small primes occur (for g = 2 up to 5 and for g = 3 up to
7) because we did not normalize the invariants in a careful enough way. But much more serious is
the second reason: it may happen that the Jacobian of a curve has good reduction modulo a place
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p of the field over which it is defined but the curve does not have good reduction. The curve may
become reducible modulo p.

There are famous conjectures about the arithmetic of curves over number fields related to the
ABC-conjecture that this should occur only for places with moderate norm.

In practice this is confirmed. So to compute the coefficients of the class polynomial one computes
a real approximation with high precision and then determines the denominator using the continued
fraction algorithm.

Reduction of hyperelliptic curves of genus 222222 and 333333 with complex multiplication

The invariants of a hyperelliptic curves of genus 2 or 3 with complex multiplication with a CM-field
K are zeroes of polynomials over Q. Let us choose a prime p that does not divide the denominator
of the coefficients of these polynomials. Then we can reduce the class polynomials modulo p.

We can factor the resulting polynomials over Fp and find zeroes in an extension field Fq . By
Galois theory we see that the class polynomials will split in linear factors over F q. Combining
“related” zeroes we get systems of invariants for which the resulting curves C q have a Jacobian
variety with ring of endomorphisms containing an isomorphic copy of O K .

So, we have very explicit information about the endomorphisms of the Jacobian variety of C q ,
which are defined over (possibly a quadratic extension of) F q. Class field theory of CM-fields can
be used to identify the Frobenius endomorphism.

We explain the easiest case, which is the most important one for practical use: we assume that
the genus of Cq is equal to 2 and that q = p.

Theorem 5.66 Let K be a CM-field of degree 4 and assume that p is a prime � 7, which does not
divide the denominator of the class polynomials HK,k(X) =: Hk(X).

• For every w ∈ OK with ww = p the polynomials Hk(X) have a linear factor over Fp

corresponding to w.
• Let jk be a zero of Hk(X) modulo p. There are two Fp-isomorphism classes Ap,1 and
Ap,2 of principally polarized abelian varieties over Fp with Igusa invariants jk.

• The principally polarized abelian varieties Ap,1 and Ap,2 have complex multiplication
by OK .

• The number of Fp-rational points of Ap,m, m = 1, 2 is given by

4∏
i=1

(
1 + (−1)mwi

)
where w = w1 and wi are conjugates of w.

• The equation ww = p with w ∈ OK has (up to conjugacy and sign) at most two different
solutions, i.e., for every CM-field of degree 4 there are at most four different possible
orders of groups of Fp-rational points of principally polarized abelian varieties, defined
over Fp with complex multiplication by OK .

For genus 3 an analogous result holds. We refer the interested reader to Weng [WEN 2001a].

5.2 Varieties over finite fields

In this section we shall deal with varieties defined over finite fields. We assume that the ground field
K is equal to Fq with q = pd.
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5.2.1 The Frobenius morphism

In this section, we consider two extension fields of Fp. We assume K = Fq with q = pd, and
consider an arbitrary power φk

p of the absolute Frobenius automorphism, which fixes the elements
of Fpk ⊂ Fp. We recall the definition of the Frobenius endomorphism and its action on varieties
over Fq given in Example 4.39, which we shall need in a slightly more general way.

Take k ∈ N and let φpk be the Frobenius automorphism of the field Fpk , sending α ∈ Fpk

to πk(α) = αpk

. We can extend φpk to points of projective spaces over Fqk by sending points
(X0, . . . , Xn) to (Xpk

0 , . . . Xpk

n ). We apply φpk to polynomials with coefficients in the algebraic
closure Fp of Fp by applying it to the coefficients.

If V is a projective variety over Fq with ideal I we can apply φpk to I and get a variety φpk(V )
with ideal φpk (I). The points of V are mapped to points on φpk(V ).

The corresponding morphism from V to φpk(V ) is called the Frobenius morphism with respect
to the field Fpk and is again denoted by φpk . It is the k-th power of the absolute Frobenius φp.

We note that though φpk is by definition a Galois group element it induces a morphism from V to
φpk(V ). We recall that in the language of function fields the corresponding rational map φ ∗

pk from
K(φpk(V )) is given as follows: choose an open affine part of V and affine coordinate functions
x1, . . . , xn; then the image of φ∗

pk in K(V ) is generated by xpk

1 , . . . , xpk

n .

It follows that this rational map is purely inseparable of degree pk dim(V ).
In general φpk (V ) will not be isomorphic to V . But if d divides k then V = φpk (V ) since then

φpk(I) = I .

Proposition 5.67 Let s be a natural number such that ks is divisible by d. Put V 0 := V and for
i = 1, . . . , s − 1 define Vi := φpk(Vi−1).

Then we get the chain of morphisms

V = V0

φ
pk

→ V1

φ
pk

→ · · ·
φ

pk

→ Vs−1

φ
pk

→ Vs = V

each being purely inseparable of degree pk dim(V ).
The composite of the morphisms is φpks .
Hence for k = 1 we get a decomposition of φq into a chain in which the absolute Frobenius

endomorphism occurs.

5.2.2 The characteristic polynomial of the Frobenius endomorphism

We assume now that C is a projective absolutely irreducible nonsingular curve over F q of genus
g � 1. As seen above the Frobenius endomorphism operates on the rational functions on C, on
the points of C and — by linear continuation — on the divisors of C. It maps principal divisors to
principal divisors and preserves the degree of divisors. So it operates in a natural way on Pic 0

C
Fq

,
the divisor class group of degree 0 of the curve C over F q.

From the results in the last paragraph and from the fact that the Galois group of F q is (topologi-
cally) generated by φq we get:

Proposition 5.68 The Frobenius morphism induces a homomorphism of Pic 0
C

Fq
and hence an en-

domorphism, also denoted by φq , of the Jacobian variety JC defined over Fq.
This endomorphism is an isogeny that is purely inseparable of degree q g .
The elements fixed by φq in JC(Fq) are JC(Fq) = Pic0

C . Hence JC(Fq) is the kernel of IdJC −φq

and |Pic0
C | = deg(IdJC − φq).
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Now recall that for primes � different from p we have attached a Galois �-adic representation ρ̃ JC , 	

induced by the action of GFq on points of order �k of JC Theorem 4.82. In fact, we have to replace
the field Fp by Fq and the absolute Frobenius endomorphism by the relative one φ q but all the results
about �-adic representations of Galois elements and endomorphisms remain true after this change.

We associate to φq the characteristic polynomial χ
(
T	(φq)

)
JC

(T ) of ρ̃JC , 	(φq), which is a monic
polynomial of degree 2g with coefficients in Z and it is independent of the choice of �.

Definition 5.69 The polynomial χ(φq)JC (T ) := χ
(
T	(φq)

)
JC

(T ) is the characteristic polynomial
of the Frobenius endomorphism φq on C and of JC . To simplify notation we also use χ(φq)C(T ) to
denote it.

Since we know that deg([1] − φq) = χ(φq)C(1) we get:

Corollary 5.70 The order of Pic0
C , or equivalently, of JC(Fq) is equal to χ(φq)C(1).

Hence the determination of the number of elements in Pic 0
C is easy if we can compute the charac-

teristic polynomial of the Frobenius endomorphism on C.
The following remark is very useful if we want to compute this polynomial.

Lemma 5.71 For n prime to p the restriction of φq to JC [n] has the characteristic polynomial
χ(φq)C(T ) (mod n).

Corollary 5.72 The endomorphism χ(φq)C(φq) is equal to the zero map on JC .

There are two distinguished coefficients of the characteristic polynomial of a linear map: the abso-
lute coefficient, which is (up to a sign) the determinant of the map, and the second highest coeffi-
cient, which is the negative of the sum of the eigenvalues and is called the trace of the map.

In our case we know that χ(φq)C(0) = qg since the degree of φq as endomorphism on JC is
qdim(JC).

The trace of χ(φq)C(T ) is called the trace of the Frobenius endomorphism on C and denoted by
Tr(φq).

Example 5.73 Let E be an elliptic curve over Fq . Then χ(φq)E(T ) = T 2 − Tr(φq)T + q, and so

|E(Fq)| = q + 1 − Tr(φq).

5.2.3 The theorem of Hasse–Weil for Jacobians

The following results are true for arbitrary abelian varieties over finite fields. We shall state them
only for Jacobians of curves C of genus g > 0.

Definition 5.74 The zeroes λ1, . . . , λ2g of χ(φq)C(T ) are called the eigenvalues of the Frobenius
φq on C and on JC .

By definition the eigenvalues of φq are algebraic integers lying in a number field of degree � g.
The product is equal to

2g∏
i=1

λi = qg.

Because of the duality on Jacobian varieties (or as a consequence of the theorem of Riemann–
Roch [STI 1993]) one can make a finer statement.
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Proposition 5.75 We can arrange the eigenvalues of φ q on C such that

for all i = 1, . . . , g we have λiλi+g = q.

But there is a much deeper result. It is the analogue of the famous Riemann hypothesis for the Rie-
mann ζ-function and it says that the absolute value of each eigenvalue λ i interpreted as a complex
number is, for every curve C of arbitrary positive genus g, equal to

√
q.

This result was proved by Hasse for elliptic curves and by Weil for abelian varieties. A gen-
eralization for arbitrary varieties over finite fields was formulated by Weil. One of the greatest
achievements of mathematics in the twentieth century was the proof of these Weil conjectures by
Deligne.

The general philosophy is that the number of rational points on varieties over finite fields should
not differ “too much” from the number of points of the projective spaces of the same dimension, and
the difference is expressed in terms of the size of the trace of the Frobenius endomorphism acting
on attached vector spaces like Tate modules, or more generally, cohomology groups.

Let us come back to our situation and resume what we know.

Theorem 5.76 Let C be a projective absolutely irreducible nonsingular curve of genus g > 0 over
Fq. Let λ1, . . . , λ2g be the eigenvalues of the Frobenius endomorphism on C.

(i) Each λi is an algebraic integer of degree � 2g.

(ii) We can numerate the eigenvalues such that for 1 � i � g we have

λiλi+g = q.

(iii) For 1 � i � 2g take any embedding of λi into C. Then the complex absolute value |λ i|
is equal to

√
q.

For the proof of these fundamental results about the arithmetic of curves and abelian varieties we
refer to [STI 1993] or, in a more general frame, to [MUM 1974, pp. 203–207].

Corollary 5.77 Let C/Fq be a curve of genus g. If

JC(Fq)[n] ⊇ (Z/nZ)t

for some t > g then
n | q − 1.

Proof. We find t linear independent
__
D1, . . . ,

__
Dt elements in JC(Fq)[n], which lie in the eigenspace

ρJC ,n(φq) with eigenvalue 1 (mod n). Hence, there is a 1 � i � g such that λi and λi+g are both
equivalent to 1 modulo n. Since λiλi+g = q we have q ≡ 1 (mod n).

We can combine this corollary with Theorem 4.73 to get the following proposition.

Proposition 5.78 Let C/Fq be a curve of genus g. For the structure of the group of F q-rational
points on the Jacobian we have

JC(Fq)[n] � Z/n1Z × Z/n2Z × · · · × Z/n2gZ,

where ni | ni+1 for 1 � i < 2g and for all 1 � i � g one has ni | q − 1.

From the Theorem 5.76 we obtain bounds on the number of points on the curve and its Jacobian.
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Corollary 5.79 Let C be as in Theorem 5.76.
Then ∣∣∣ |Pic0

C | − qg
∣∣∣ = ∣∣∣∣∣

2g∏
i=1

(1 − λi) − qg

∣∣∣∣∣ = O
(
qg−1/2

)
.

Take k ∈ N. Since φqk = φk
q we can extend this result:

Corollary 5.80 The number Nk of Fqk -rational points of JC , or equivalently, the number of ele-
ments in Pic0

C·F
qk

is estimated by

∣∣∣Nk − qgk
∣∣∣ = ∣∣∣∣∣

2g∏
i=1

(1 − λk
i ) − qgk

∣∣∣∣∣ = O
(
qk(g−1/2)

)
.

This corollary can be used to compute the ζ-function of the curve C [STI 1993] and to get a bound
for the number of rational points on C.

Corollary 5.81 Let C be as above.
Then

| |C(Fq)| − q − 1| � 2g
√

q.

The estimates for the number of elements of Pic0
C and of C(Fq) are called the Hasse–Weil bounds.

In fact the Serre bound gives the sharper estimate

| |C(Fq)| − q − 1| � g�2√q�.

When one wants to compute the characteristic polynomial of the Frobenius endomorphism it is
very important that one has ad hoc estimates for the size of the coefficients of this polynomial.
Again Theorem 5.76 can be used in an obvious way to get

Corollary 5.82 The characteristic polynomial of φq has a very symmetric shape given by

χ(φq)C(T ) = T 2g + a1T
2g−1 + · · · + agT

g + · · · + a1q
g−1T + qg,

where ai ∈ Z, 1 � i � g.
The absolute value of the i-th coefficient of χ(φq)C(T ) is bounded by

(
2g
i

)
q(2g−i)/2.

Example 5.83 Let E be an elliptic curve over Fq. The eigenvalues λ1 and λ2 of φq on E are
algebraic integers of degree � 2 with absolute value |λ i| =

√
q and λ1λ2 = q. The number of

points in E(Fq) is estimated by

| |E(Fq)| − q − 1| � 2
√

q.

The interval [−2
√

q + q + 1, 2
√

q + q + 1] is called the Hasse–Weil interval. All elliptic curves
defined over Fq are forced to have their number of rational points lying in this interval.

5.2.4 Tate’s isogeny theorem

We end this section by stating deep results due to Tate and Tate–Honda [TAT 1966], which demon-
strate the importance of characteristic polynomials of Frobenius endomorphisms.
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Theorem 5.84

(i) Let A and A′ be abelian varieties over Fq . Then A is isogenous to A′ over Fq if and only
if χ(φq)A(T ) = χ(φq)A′(T ).

(ii) Assume that λ1, . . . , λ2g are algebraic integers lying in a number field of degree � 2g and
satisfying the properties of eigenvalues of Frobenius endomorphism as stated in Corol-
lary 4.118. Then there is an abelian variety A over F q such that λ1, . . . , λ2g are the
eigenvalues of the Frobenius endomorphism on A.

Note that this abelian variety need not be principally polarized, and if it is, it need not to be a
Jacobian of a curve.

Maisner and Nart [MANA 2002] study the problem to decide whether λ 1, . . . , λ2g belong to a
hyperelliptic curve.
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