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In the previous chapter we dealt with algebraic and geometric objects over arbitrary fields. In this
chapter we explain additional properties of these objects when considered over specia fields. We
concentrate on varieties over the complex numbers and finite fields.

5.1 Varieties over the field of complex numbers

In the whole section we take ground field K as the field of complex numbers C. Since C is alge-
braically closed we can identify the affine space A™ (respectively the projective space P™*) with the
set of pointsin C™ (respectively the homogeneous classes of (n + 1)-tuplesin C"™*1) together with
the topological structure induced by the Zariski topology. Recall that closed sets are given as zeroes
of polynomial equations.

The absolute value | - | makes C™ to ametric space and hence induces a“ natural” topology. Since
polynomial functions are continuous in this topology it follows that Zariski closed sets are aso
closed in this topology.

5.1.1 Analytic varieties

First we shall describe very briefly the analytic structure on A™ (respectively P™): the key notions
are holomorphic functions. Locally, holomorphic functions are given by power series convergingin
an open ball.
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88 Ch. 5 Varieties over Special Fields

For open sets U C P™ one can globalize to get holomorphic functions by gluing together the local
“germs.” So a holomorphic function f on U is a complex valued function defined on U such that
for all P € U thereis an open ball around P on which f is given by a convergent power series.
Examples for holomorphic functions are polynomials (for U = A ™) and rational functions (for U
equal to the set of definition).

Meromorphic functions on U are defined as quotients of holomorphic functions. Locally they
are given by Laurent series with finite negative part. To a meromorphic function f on U and to
any point P € U we can associate the order of vanishingn p(f) of f a P. It isnegativeif f has
apole of order [np(f)| a P, and positive if f has a zero of order np(f) a P. If np(f) = 0
there is a neighborhood of P in U such that the restriction of f isinvertible in this neighborhood
as a holomorphic function. In particular, it follows that the set of zeroes and poles of meromorphic
functions on U does not have a limit point in U. The (analytic) divisor div () is equal to the
formal sum divan(f) = > pey np(f)P.

One can differentiate and integrate hol omorphic and meromorphic functions and as usual one has
meromorphic differentialsw onU. Locally at apoint P € U they are of theform f p(x)dzy - - - day,
with fp meromorphicand (z4,...,,) alocal system of coordinates (mapping the chosen neigh-
borhood to an open ball in C™ with 0 asimage of P). Their divisorisdivan(w) = > pcy np(fp)P.
Oneseesthat w isholomorphicon U if and only if the divisor of w has only nonnegative coefficients.

In the sequel we shall need afurther concept, namely analytic varieties. For the notion of analytic
varieties (without boundary) in projective spaces we refer to [GRHA 1978].

One essentia property of analytic varieties V4, C P is that there exists a number d < n such
that Vz, is locally isomorphic to a ball in an affine space A ¢, or equivalently: every point P € Va,
has an open neighborhood U p (with respect to the topology on Vj, induced by the restriction of
the topology on P to V) and local coordinate functions (holomorphic in U p) which map Up
bijectively to aball in C? with 0 asimage of P.

Using this local analytic structure one defines holomorphic functions on open subsets of Va,
meromorphic functions on Vg, holomorphic (respectively meromorphic) differentials and holo-
morphic (respectively meromorphic) maps between two analytic varieties. The number d is the
dimension of V.

Now assume that V' is an (affine or projective) algebraic variety of algebraic dimension d em-
bedded in P". First of al the underlying set is closed. Next, all points of V' are nonsingular, and
the Jacobi criterion (cf. Lemma 4.94) for the local (algebraic) coordinate functions together with
theimplicit function theorem ensures that this set satisfies the conditions of analytic varieties being
locally isomorphic to C?¢. So we can give V' the structure of an analytic variety of dimension d
denoted by V. Notethat rational functionson V' are meromorphic functionson V4,. Of course, the
converse does not have to hold true.

But there is a very important special case. Assumethat V' is a projective algebraic variety. Then
the underlying set is compact in P™. It follows that meromorphic functionson V4, have only finitely
many zeroes and poles. Therefore, they are rational functionson V. So the field of meromorphic
functionson Va, isequal to K (1) and has transcendental degree d over C.

The converse of this remark is true, too. So we can state the following fundamental result.

Theorem 5.1 Let Vg, be a compact analytic variety in P™ of dimension d. There is an algebraic
projective variety V' C P™ such that the induced analytic variety is equal to Va,, and the field of
meromorphic functions on Vy, has transcendence degree d over C and henceis equal to K (V).

The next lemma gives a slight generalization of the above facts about functions on varieties.

Lemma5.2 Let V, W be projective algebraic varieties. Then the set of holomorphic mapsfrom V g,
to Wan is (in anatural way) identical with Homc (V, W).
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§ 5.1 Varieties over the field of complex numbers 89

As aconsequence of these comparison results, we can use the full power of complex analysisto get
purely algebraic properties of objects related to varieties defined over the complex numbers.

Before discussing the two examplesthat are the most important for us we will conclude this section
with a remark.

Remark 5.3 It is well-known in number theory that the interpretation of number fields K as sub-
fields of C isin amost fruitful way generalized to the study of number fields as subfields of p-adic
fields. The same is true if we want to study objects of algebraic geometry by analytic methods.
As counterpart of C one uses the completion of the algebraic closure of Q@ ,. Over these fields we
have the highly developed machinery of rigid analytic geometry. In Chapter 17 we shall have to
use parts of thistheory as background for discussing p-adic point counting methods on curves over
finite fields, which have become important in recent years.

5.1.2 Curves over C

Analytic curves C'y, are one-dimensional analytic varieties embedded into a projective space over C.
From now on we shall assumethat Cj, iscompact. Thenthereisanonsingular projectiveirreducible
curve C' such that C, is the corresponding analytic curve. Hence, from an abstract point of view
the rational functionson C' cannot be distinguished from the meromorphic functionson C a.

One usesthisto produce functionson C' by analytic methods: locally there are many more mero-
morphic functions given by converging Laurent series, and by the gluing process we can hopeto get
global meromorphic functions that turn out to be algebraic.

In the previous section we introduced the notion of divisors on analytic curves C 4, in a way
analogous to the algebraic case. The finiteness condition for coefficients not equal to 0 is replaced
by the condition that poles and zeroes have no limit point. But since we have assumed that C' 4, is
compact thisis exactly the same condition as in the algebraic case. Therefore, analytic divisors can
be identified with algebraic divisorsin a canonical way. The same is true for divisor class groups.
(Note again that the situation changestotally if we go to affine parts of C.)

We introduced differentials for algebraic curvesin Section 4.4.2.c. We now look at them from
the analytic point of view. Here the usual calculus methods are used to construct the meromorphic
differentials. Again we get:

Proposition 5.4 Meromorphic (respectively holomorphic) differentials on C 5, can be identified
with meromorphic (respectively holomorphic) differentialson C.

We have defined the genus ¢ of C' with the help of the theorem of Riemann—Roch (cf. Theo-
rem 4.106). This theorem also holds for the divisor theory of C4,. (In fact its original version
was proved in this context.) One of its consegquences is that the holomorphic differentials Q2  on
Can (or on C') form a g-dimensional vector space over C and that these differentials can be identified
with algebraic differentials with effective divisors. Let us chooseabasis {w1,...,w,}. To get the
full power of analytic methods we have to go one step further and go to real surfaces.

Digression: the easiest example of Weil descent

Next we use an additional special property of C: it is atwo-dimensional vector space over the field
of real numbers R with basis {1,i} where asusual i% = —1.

Replacing a complex variable z by two real variables x, y using z = = + iy identifies the metric
vector space C™ with the usual Euclidean space R2". By this process we lose the analytic struc-
ture but have a differentiable structure from usual real calculus again compatible with the Zariski
topology. Applying this to algebraic varieties V' of dimension d in A 2 we find in a natural way an
affine variety W C A2" of dimension 2d with W (R) = V/(C): we replace the n complex affine
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920 Ch. 5 Varieties over Special Fields

coordinates (X1, ..., X,,) by therea coordinates (U1, Vi, ..., Uy, V,,) with X; = U; + iV}, plug
them into the equations ( (X)), oo fm(X )) defining V' and separate the resulting polynomials
into their real and imaginary part (U, V) = gx (U, V) + ih (U, V'), where g, and hy, are defined
over R. Then I isthe variety defined by (g, hyi).

By a gluing process we can apply this procedureto projective algebraic varieties. So we attach to
every affine or projectivevariety V' of dimension d defined over C an affine (respectively projective)
algebraic variety Wy, of dimension 2d defined over R with Wy, (R) = V(C). Itisanice exerciseto
show that Wy, - C isisomorphicto V' x V' asalgebraic variety over C.

What we have sketched aboveis the most simple example of scalar (or Weil-) restriction of varieties
defined over afinite algebraic extension field L of afield K to varieties over K. This construction
will play an important role later (cf. Chapter 7 on Weil descent).

Riemann surfaces

We apply Welil descent to irreducible nonsingular projective curves C' defined over C and get an
irreducible two-dimensional projective variety W defined over R. The analytic structure of C'
induces a differentiable real structure that makes W locally isomorphic to a unit ball in R2. That
means that for every P € W (R) thereis an open neighborhood U p € W and real differentiable
functions f1, f» defined on Up mapping Up to the open unit discin R? and sending P to (0, 0).

Since C'(C) is compact, it followsthat W is compact in the real topology.

As result we get that the projective curve C' carries in a natural way the structure of a compact
Riemann surface. We remark that the converseis true, too: every compact Riemann surface is the
WEeil descent of a projective nonsingular irreducible curve defined over C.

Riemann surfaces R are classical and very well studied objects in geometry. One key ingredient
is the study of paths on them up to homology (cf. [GRHA 1978]). They can be used to define
the topological genus gip Of R. Namely fixing a base point P, and composing closed paths in a
natural way we turn the set of points P into a group. By identifying homologous paths we get the
fundamental group Iz of R as quotient of P. It is generated by 2¢op paths satisfying one relation
which lies in the commutator subgroup of the fundamental group. This implies that the maximal

abelian factor group of II , the first homology group H: (R, Z), is afree abelian group with 2gigp
generators (ai, . . ., (i2gyy,)-

We come back to the case that R = W with C' aprojective curve over C.
Proposition 5.5 Thegenus g of C is equal to the topological genus gp of We.

Using well-known results from (real and complex) calculus we do integration on W« using holo-
morphic differentials w on C and closed paths o on W . As above we choose a base point Py on
W and get the group P by composing closed (continuous) paths beginningin Py.

Lemma 5.6 We haveamap
(v)0:PxQe—C

defined by (o, w)o := [, w where [ isthelineintegral aong the path a.
Moreover, (-, ) is independent of the homology class of « and vanishes when restricted to the
commutator subgroup of P in the first component.

Corollary 5.7 The map (-, -)o induces a pairing, that is denoted by (-, -), between the Z-module
H, (W, Z) and the C-vector space Q.
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§ 5.1 Varieties over the field of complex numbers 91

Recall that we have chosen abasis (w1, . . ., w,) of the space of holomorphic differentialson C. We
define the map

¢: HH(We,2) — €9

T o— (fLwi,..., [ wg)

where o isapath in the class of ©

Proposition 5.8 Theimage A of ¢ isafull latticein CY, i.e., adiscrete free Z-module of rank 2¢
inC9.

By this proposition we can associate a full rank lattice to each curve over C. The following lemma
describes what quotients of lattices ook like.

Lemma5.9 Let A bealattice of full rank in C9 and let C9/A be the quotient group with quotient
topology. Then C?/A is compact and locally isomorphic (as topologica space) to the unit ball in
Ce.

Corollary 5.10 Theset CY9/A« isacompact topological space with respect to the quotient topology
inherited from C9. It is locally homeomorphic to the unit ball in C9.

Definition 5.11 The lattice A is called the period lattice of C' (with respect to the basis {w+, ...,
wy } of the holomorphic differentials).

We are now ready to define the Abel—-Jacobi map Wefix the base point Py e C(C). For P e C(C)
choose apath v from P, to P and define J., ( (f Wi, wn) € C9. Thetuple J, (P) will
— in general — depend on the choice of ~. If ~'is another path?rom Py to P then v and ~/ differ
by aclosed path beginningin Py and so J.,(P) — J.,(P) isan element of Ac.

Definition 5.12 The Abel-Jacobi map is defined by

J:CC) — CI9/A¢
P — JV(P)-l-Ac.

We can generalize this definition to divisorson C' by linear extension. We denote the corresponding
map again by J.

Theorem 5.13 (Abel-Jacobi)

(i) Let D beaprincipa divisor of C'. Then J(D) = 0. So .J induces amap .J from Pic, to
C9/Ac.
(i) Themap J isagroup isomorphism.

By Lemma 5.9 the group C9/A¢ carries an analytic structure since it is locally homeomorphic to
the unit ball in C9. The group Pic?, carries the structure of an abelian variety, namely the Jacobian
variety Jo of C' (see Definition 4.134). Hence, it has an analytic structure, too. The theorem of
Abel-Jacobi includesthat .J is an analytic isomorphism.

So the structure of J as analytic variety israther simple and described by C9/A.
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92 Ch. 5 Varieties over Special Fields

5.1.3 Complex tori and abelian varieties

An important part of the introduction to the objects relevant for cryptography were the connected
projective algebraic groups called abelian varieties (cf. Section 4.3). The analytic counterpart are
connected compact complex Lie groups (cf. e.g., Lang [LAN 20024]).

We give the most simple example of a complex Lie group: take C? with the usual complex
structure and with vector addition + as group composition. It is obviousthat the addition + as well
asthe inversion — are holomorphic. The group C¢ is not compact but we can easily find quotients
that are compact.

For this we choose a lattice (always assumed to be of full rank) A ¢ C¢, i.e, there is a basis
{p1, ..., puoq} of C% asreal vector space such that

2d
A—{szuj|zj€Z}.

J=1

Equivalently we have: A isaZ-submoduleof C¢ of rank 2d whichisdiscrete, i.e., in every bounded
subset of C¢ there are only finitely many elements of A.

We can endow C? /A with an analytic structurein anatural way. Let the U ; be open sets covering
C?/A such that each U; is homeomorphic via bijective continuous maps ¢ ; to balls B; in C?. The
maps ¢; are assumed to be compatible with restrictions to intersections of the sets U ;. We define
holomorphic functions on U; as functions f; : U; — C such that f; o gaj_l are holomorphic on
B; and come to global functions by gluing local holomorphic functions. Meromorphic functions
are defined as quotients of holomorphic functions. It is an immediate consequence from these
definitions that C?/A carries the structure of a complex connected Lie group that is a quotient (as
Liegroup) of C%/A.

Definition 5.14 A complex Liegroupisomorphicto C ¢ /A iscalled acomplex d-dimensional torus.
A fundamental result is:

Proposition 5.15 Let X be a connected compact complex Lie group of dimension d. Then X is
isomorphicto atorus 7 := C9/A.

For the proof see[MUM 1974, p. 2].

We apply this to an abelian variety A of dimension d defined over C. The associated analytic
variety Ag, is connected and compact. Since addition and inversion on A are given by polynomials,
Aan isatorus and, hence, isisomorphic to the Lie group C¢/A for some lattice A. Note that by this
isomorphism the addition on A is transferred into a very easy form. It isjust the vector addition in
C? modulo A.

Next we shall study the converse. We want to decide whether 7 is the analytic companion of an
algebraic variety. By Chow’s theorem this is equivalent to the question whether we can embed T'
into a projective space such that the analytic structures are compatible.

If thisis possiblewe shall find d a gebraically independent meromorphicfunctionson7'. By stan-
dard methods of algebraic theory (the key word is“ampleline bundl€”) one sees that the converseis
true, too. So one has to construct meromorphic functionson 7', or equivalently, meromorphic func-
tions on C? which are periodic with respect to A. There are well-known methods for this (for d = 1
one uses results like the Weierstral’ product theorem or the Mittag—L effler theorem). In general the
main ingredients are theta functions attached to A. We shall need them later on (cf. Chapter 18)
and then deal explicitly with the case that is most interesting for us, and so we do not give aformal
definition here.

In[MuM 1974, pp. 24-35] one finds the discussion what additional properties A has to have in
order to have enough periodic functions.
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§ 5.1 Varieties over the field of complex numbers 93

First recall that a Hermitian form H on C? x C? can be decomposed as

H(z,y) = E(iz,y) +iE(z,y)
where E isaskew symmetric real form on C¢ satisfying E(ix, iy) = E(x,y). Theform Eiscaled
the imaginary part Sm(H) of H. (Since these notations are rather standard we find it convenient

not to change them though the letter £ is used for elliptic curvesin most cases. We hope that this
does not giverise to confusion.)

Theorem 5.16 Thetorus7 = C9/A can be embedded into a projective space and, hence, equals
the analytic variety attached to an abelian variety if and only if there exists a positive definite
Hermitian form H on C¢ with E = Sm(H) such that E restricted to A x A hasvaluesin Z.

We use the structure theorems for Hermitian forms and get

Corollary 5.17 Let T = C%/A be a complex torus attached to an abelian variety A. Then A is
isomorphic to Z< @ Q - Z4, where the (d x d)-matrix € is symmetric and has a positive definite
imaginary part, i.e., liesin the Siegel upper half plane H ;.

Corollary 5.18 Assumethat d = 1, i.e., A isan elliptic curve E. Then the torus associated to F' is
isomorphicto C/(Z + 77) where 7 is a complex number with positive imaginary part.

Definition 5.19 We call Q2 the period matrix of A.

We continue to assume that 7' = Aq with Hermitianform H and £ = Sm/(H).
With the help of £ we can define adual lattice A given by

Ai={zeC?| E(z,y) € Z, for dl yec A}.

Thelattice A contains A and A /A isfinite. Furthermore, A belongs to atorus 7', which is attached
to an abelian variety A. In fact we have just constructed the dual abelian variety to A by analytic
methods over the complex numbers (see [MUM 1974], 82-86). Thereit is aso shown how this dual
abelian variety can be constructed by purely algebraic methods over any ground field.

For us a special case is most important. Assumethat A = A and so A isequal toitsdual.

Definition 5.20 If A = A then A iscalled principally polarized.

Corollary 5.21 Let A be a principally polarized abelian variety over C with lattice A, Hermitian
form H and E = Sm(H). Thenthereexistsabasis {11, . . ., p2q} of A such that

0 Iy
[E(Mz‘aﬂj)hgqi,jgw = l “I; 0 ] :

Now we come back to the theme of this book, namely projective irreducible nonsingular curves C'
and their Jacobians J¢.

By the theorem of Abel—Jacobi (cf. Theorem 5.13) we have found anisomorphism from Pic ¢, the
divisor class group of degree 0 of C to C9/A¢ by integrating a basis of holomorphic differentials
along paths that form abasis of the first homology group of C'. So the period lattice of C' is attached
to theisomorphism class of (J¢ ) an.

Definition 5.22 The period matrix Q ¢ of A¢ iscalled the period matrix of C. Theform E(z,y) is
called the Riemann form.

Lemma 5.23 The period matrix €2 can be computed by integrating a basis of holomorphic differ-
entials along paths on the Riemann surface correspondingto C.

By duality theorems about differentials and paths on Riemann surfaces one sees:

Proposition 5.24 The Jacobian of a projectiveirreducible nonsingular curveisaprincipally polar-
ized abelian variety.
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94 Ch. 5 Varieties over Special Fields

5.1.4 Isogenies of abelian varieties over C

We can use the torus representation of abelian varieties to find the algebraic results about torsion
points, isogenies and endomorphisms. So assume that A is analytically givenby 7' = C?/A.
First we find aresult given previously.

Proposition 5.25 Let n be a natural number. The points of order dividing n of A, A[n], are iso-
morphic to the subgroup L A/A ¢ C?/A and hence isomorphicto (Z/nZ)??.

Let G be a subgroup of %A/A. Theinverseimage of G in C? is alattice A that contains A, and
hence we get aquotient map from 7" to C?/A ¢ = T/G with kernel isomorphic to G. This quotient
map is, by definition of the analytic structure on tori, an analytic map. The Hermitian structure on
T induces one on T; that satisfies the condition from Theorem 5.16 and hence T'¢; corresponds to
an abelian variety Ag.

By Lemma 5.2 the quotient map comes from an algebraic morphism that is an isogeny from A to
A with kernel correspondingto G.

Proposition 5.26 Let A be an abelian variety defined over C with lattice A ¢ C¢. The isogenies
n of degree n of A are, up to isomorphisms, in one-to-one correspondence with lattices A ,, which
contain A and satisfying [A,, : A] = n. Thekernel of n isisomorphicto A,,/A.

Of specia interest are isogenies with image isomorphic to .4. For simplicity and since it isin the
center of our interest we restrict the discussion to simple abelian varieties.

We know that in this case the ring Endc(.A) of endomorphismsof A is a skew field and that all
endomorphisms different from the zero map are isogenies.

We want to use the results of Proposition 5.26 but look at them from a dlightly different point of
view. In the proposition we interpreted isogenies as quotient maps of the identity map on C ¢ with
changing lattices. Now we shall fix the lattice A and study holomorphic additivemapsa : C¢ — C<.
Such a map « induces an endomorphism of A if and only if it is well defined modulo A, i.e,
a(A) C A

Example 5.27 We give the most simple example to explain this. Look at the endomorphism [n]
obtained by scalar multiplication with n.

In the first interpretation we take as lattice of the image the lattice %A and take the quotient map
fromC?/AtoC4/(LA).

In the second interpretation we multiply elementsin C? by n and so the subset %A is mapped to
A and henceto the zero element of the torus associated to A.

From the condition imposed on « (it has to be continuous) it follows that « is a linear invertible
map on the real vector space of dimension 2d attached to C?. Hence (after having chosen a basis
{p1, ..., u2qa} of A)we can describe o by areal invertible (2d x 2d)-matrix B with the additional
condition that o maps A into itself. But thisis equivalent to the condition that B has integers as
coefficients. Hence the characteristic polynomial x(«) 4(T") of « isamonic polynomial of degree
2d with integers as coefficients.

Remark 5.28 The reader should recall that we have described endomorphisms « in the algebraic
setting by using Tate modules to produce ¢-adic representations. One of the crucial results due to
Well is that the characteristic polynomials do not depend on the prime 4.

Here we use the period lattice to produce an integral representation again of dimension 2d. It
playstherole of Tate modulesin the analytic setting. The resulting characteristic polynomial x ,(T")
is the same as the corresponding ¢-adic polynomial. This remark will become important for point
counting algorithms.
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§ 5.1 Varieties over the field of complex numbers 95

Until now we have only looked at linear algebra and continuity. But we have to take into account
the analytic structure that yields holomorphy conditionsfor a.
We shall explain thisin the simplest case.

Example 5.29 Let A =: F be an elliptic curve. The associated analytic variety is isomorphic to
C/(Z + 77) with 7 ¢ R. A holomorphic additive map « is given by amatrix

ny nNng
ns Nag
over Z if wetake {1, 7} asbasis, it aso represents a multiplication by a complex number 5 that is

determined by «(1) =: 8 = ny + na7. Henceit maps 7 to 37 = ny7 + na7? = nz + ny7.
Now assume that no # 0 or, equivalently, that 5 ¢ Z. Then 7 satisfies the equation

B =

no7? + (ng — ng)T —n3z =0

and, hence, Q(7) isan imaginary quadratic field K.

The lattice Z + 77 is an ideal A, of an order of K, and the isogenies correspond to numbers
n1 + n2Z that map A intoitself. But this meansthat End¢(E) is an order (cf. Definition 2.81) in
K and that E has complex multiplication.

For higher dimensional abelian varieties A, analogous but more complicated considerations lead to
the CM-theory mentioned already in the algebraic part. Again one gets that the lattice of abelian
varieties with complex multiplication is very special and that the period matrix has an algebraic
structure. This combined with class field theory is the key of the CM method used to construct
abelian varieties over finite fields with known number of points. We shall be more precise in the
next sections in the case of eliptic and hyperelliptic curves and come to algorithmic details in
Chapter 18.

5.1.5 Elliptic curves over C

In this section we shall apply the theory of curvesand their Jacobians over C for elliptic curves E.

5.1.5.a The complex theory of elliptic curves

Werecall Corollary 5.18 that the Jacobian variety of £ and hence E itself isanalytically isomorphic
to C/(Z + 7Z) where 7 is acomplex number with a positive imaginary part.
Let E be given by an affine Weierstral3 equation

E;y2zx3+a4x+a6 with aq, ag e C.

As a consequence of the theorem of Abel—Jacobi 5.13 we get: there is an analytic isomorphism
between the groups E(C) and C/A g where A isalattice Zw; + Zws in C.

We want to describe explicitly this isomorphism. For this we begin with the lattice A = Zw{ +
Zw4 and then construct the elliptic curve corresponding to it. We shall follow closely [COH 2000,
Chapter 7] and [SIL 1986, Chapter VI, section 3]. The first step is to find the meromorphic func-
tions.

Definition 5.30 Let wy,ws € C be linearly independent over R. An elliptic function with periods
{w1, w2} is a meromorphic function f(z) on C such that for all z € C one has f(z + w1) =

[z +ws) = [(2).
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96 Ch. 5 Varieties over Special Fields

We shall fix w1, w, aswell asthelattice A spanned by them in the following. Elliptic functions will
aways be periodic with respect to A.

The task isto construct nonconstant elliptic functions. It was solved by Weierstraf3.
Definition 5.31 The Weierstral3 p-function is defined by the series

p(z,A) = Z% + > <ﬁ - é) : (5.1)

weA \ {0}

This series converges uniformly on every compact subset of C ~ A. The function p := p(z,A)
defined by (5.1) is ameromorphic function on C with poles (of order 2) in A. Itisan even function,
i.e, p(z,A) =p(—z,A)foral z € C~\A.

The proofs are straightforward applications of the basics of complex analysis, seee.g., [SIL 1986,
Chapter VI, Theorem 3.1].

Asusud we denoteby ¢’ := ©'(z, A) the derivative of p. Againitisan elliptic function. It can be
computed easily by using the series defining p; the result is again a series whose first termis — Z%
It followsimmediately that o’ isan odd function, i.e., p’(z) = —p'(—2).

Define the Eisenstein series G, := G.,,(A) of weight n for A by

Gn(A) = Z w ™

weAN {0}
The fundamental observationis:

Theorem 5.32 Theelliptic functions p an ¢’ satisfy the equation
©'(2)? = 4p(2)® — 60G4p(2) — 140Gs.
Thisisthe affine equation for an elliptic curve E , with functionfield C(gp, ’). The map
®:C/A — E,CP?

N (p(2): 9/ (2): 1) for z¢ A
P(A)=(0:1:0)

isan isomorphism of Riemann surfaces, which is agroup homomorphism (using the induced natural
additive group structure on C/A and the elliptic curve group structure on E ).

Hence E, is the abelian variety attached to the torus C/A, and we can interpret the map ® as
the inverse of the Abel-Jacobi map from E ' as curveto its Jacobian variety which isisomorphicto
FE\.

Remark 5.33 The equation defining F 4 is not quite in the standard Weierstral3 form. We obtain it
if wereplace o’ by y = 1/2¢p’ and set z = p, g2 1= g2(A) := 15G4(A) and g5 := g3(A) :=
35G6(A). Theresulting equationis

EA:y2:m3—ggx—gg.

We have seen that for every lattice A we can use g2(A) and gs(A) to obtain the equation of the
corresponding elliptic curve 5. The first question is now to describe in terms of the two lattices
A, A’ what it meansthat F, isisomorphicto E:.

Aswe have seen in Lemma 5.2 this is equivalent to the question under which conditions C/A is
analytically isomorphicto C 4.
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Example 5.34 Takea € C* and definethemap ¢, fromC to C by z — az. Define A’ := aA.
Then t,, induces an analytic isomorphism

ha : C/A — C/aA.

Motivated by the example we define that two lattices A ; and A, are homothetic if thereisana € C*
such that aA; = As.

Theorem 5.35 Thereis a canonical isomorphism between the set of C-isomorphism classes of el-
liptic curves and the set of homothety classes of latticesin C.

Corollary 5.36 Let A be alattice in C with basis {w1,w-2}. We can assume (by replacing w; by
—w; if necessary) that 7 := ws/w; is acomplex number with positive imaginary part. Let A, be
thelattice Z + 7Z. Thenthe elliptic curve E/5 isisomorphicto Ex .

By this result we have attached to every (isomorphism class of) elliptic curves over C a unique
lattice A, := Z + 77 such that E isisomorphicto Fz .z =: FE, with T € C with imaginary part
Sm(7) > 0. But 7 isnot uniquely determined by A ..

Lemma5.37 Let 7,7’ be complex numbers with positive imaginary part. Then A, = A, if and

H L H at+b
only if there exist integers a, b, ¢, d with ad — be = 1 and 7/ = 223

Definition 5.38 A complex function f which is holomorphic on the upper half plane

H:={reC|SQm(r)>0)}

1o =1 ()

ct +d

and which satisfies

for dl integersa, b, ¢, d with ad — be = 1 is called amodular function.
The set of modular functionsforms afield F;.
Example 5.39 Define

j:H — C

92(A7)3 .
492 (A‘r)‘3 - 2793(AT)2

T = j(r):=1728

Thenj € F}.

Theorem 5.40

(i) Thefield of modular functionsis equal to C(5).
(ii) Theelliptic curve E, isisomorphicto E, if and only if j(7) = j(7').
(iii) Let E bean éelliptic curve defined over C with absoluteinvariant j g (cf. Corollary 4.118)
Thenthereisar € H with j(7) = j and E isisomorphicto E,.

Sincej € Fy wehavej(r+1) = j(7). (Takea = 1,b = 1,¢ = 0,d = 1.) We can use thisidentity
to develop j into a Laurent series“at oo.”

Define g := ¢*™™ and j*(q) := j(7). Observethat q approaches 0 when Sm(7) becomeslarge.
It turns out that j* can be extended to a meromorphic function with a pole in 0 of order 1. Its
Laurent series has integer coefficients. It is called the g-expansion of the j-function.
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Proposition 5.41 The ¢-expansion of the j-functionis given by

L (14240 S Jg(n)q")?’.
j(q) B anEN(l - qn)24

For aproof werefer to [SIL 1994, Chapter |, Remark 7.4.2].

After having an explicit description of isomorphism classes of elliptic curves over C we now
determine the isogeny classes again by using the theory of complex tori (see Section 5.26) applied
to dliptic curves and get:

Proposition 5.42 Let F and E’ be two elliptic curves defined over C with lattices A (respectively
A).

Then E isisogenousto £ if and only if there existsan o € C* with «A C A’. If so denote by
N theisogeny from E to E’. Then the kernel of 7, is canonically isomorphicto a=1A’/A.

Corollary 5.43 Assumethat E isan elliptic curve over C with j g = j(7). Then
Endc(E) ={acC|aA, C A}

5.1.5.b Elliptic curves with complex multiplication

Thering
Endc(E) ={aecC|aA; C A}

aways contains and in general will be equal to Z.
We reformulate the definition of complex multiplication (cf. Definition 4.88) applied to elliptic
curves E over C.

Definition 5.44 The elliptic curve E has complex multiplication if and only if End ¢(F) is larger
than Z.

In Example 4.90 we have already discussed that thisimplies:

Corollary 5.45 Let F be an elliptic curve defined over C with period 7. Then 7 is a nonrational
integer in an imaginary quadratic field K, and End¢(E) isthe order corresponding to Z + 77 in
K.

The converseistrue aswell.

Proposition 5.46 Let K be an imaginary quadratic field, let O be an order of K, and let A be an
ideal of O. Then A C Cisalattice, theelliptic curve E 4 := C/A isan elliptic curve with complex
multiplication and End¢(E4) = O. For two ideals A, A’ of O we get: F 4 isisomorphicto E 4/
over C (i.e., the absolute j-invariants are equal) if and only if A and A’ arein the sameideal class.

So dliptic curves with complex multiplication have algebraic periods 7. But even more important
we get that the absolute invariant j(7) is a very special agebraic integer, i.e, it is the zero of a
monic polynomial over Z, and is obtained as j-invariant of an ideal in an imaginary quadratic field.
The exact statement is the key result of class field theory of imaginary quadratic fields.

Theorem 5.47 Assumethat £ isdefined over C and has complex multiplication. Let 7 beits period.
Then Q(r) is an imaginary quadratic field, End g, (E) = Endc(F) isan order O in Q(7) and
the absolute invariant j(7) is an agebraic integer that liesin the ring class field H,, over Q(7).
Theinvariant j(7) isthe j-function evaluated at an ideal of O .
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Recall that thering classfield of O isan abelian extension of Q(7) whose Galois group isisomor-
phic in acanonical way to the ideal class group of O . The most important case for us will be that
Op isthering of integers O of Q(7). Then H o, isthe Hilbert class field H of Q(r), the maximal
Galois extension of Q(7), which is unramified and has an abelian Galois group. In particular, we
get that the degree of H over Q(7) is equal to the order of C1(O), which is called the class number
of Q(7) .

On the other side it follows easily from Theorem 5.35 that j z, depends only on the ideal class
group of A inCl(O) and classfield theory tellsusthat al the algebraic numbers j i, are conjugates
under the action of the Galois group of H over Q(7). From this we get:

Corollary 5.48 Let K = Q(v/—d) be an imaginary quadratic field with ring of integers O. Let £
be an eliptic curve with End¢(F) = O. Then the minimal polynomial of j 5 is the Hilbert class
polynomial

ha

Hy(z) = [[(z - j(A:)
=1
where j(A4;) isthe j-invariant of the elliptic curve corresponding to A ;, the number h is the order
of the ideal class group of K and A; are representatives of elements of the class group of O. The
coefficients of the Hilbert class polynomial are rational numbers. As j i isan algebraic integer, they
are integers.

For the proof of Theorem 5.47 and Corollary 5.48, see for example [SIL 1986, Appendix C, Theo-
rem 11.2], or [LAN 1973, Chapter 10, Theorem 1].

Reduction of elliptic curves with complex multiplication

In Section 5.2 below we shall discuss élliptic curves over finite fields. The determination of the
order of the rational pointswill be one of the most important topicsin this part. Here we can give a
bridge from elliptic curves over number fieldsto elliptic curves over finite fields.

The class polynomial
ha

Hy(x) == H(x —j(Aq))
1=1
can be reduced modulo a prime p to a polynomia H 4(x), defined over I, and it has simple roots
if p doesnot divide d.

Let F),- be the smallest field that contains aroot j, of H,(z),. It isthe reduction modulo p of
oneof theinvariants j(A;). Asthe elements j(A;) are conjugate it follows that all roots of H (),
areinthisfield.

By the algebraic theory of elliptic curves we know that there are elliptic curves £, defined over
F,~ with absolute invariant j,,. The curve E,, is determined up to twists, and if j, # 0,123 thereis
exactly onetwist of £,.

For the sake of simplicity we shall assume now that » = 1 and that the prime number p is decom-
posed in Q(v/—d). Class field theory of imaginary quadratic fields gives the following remarkable
result.

Theorem 5.49 Thereisaninteger 7 € Q(+/—d) suchthat 77 = pand |p + 1 — (7 + 7)| isthe
number of IF,,-rational points on either £, or one of its twists.

To understand this theorem one needs the theory of elliptic curves over finite fields and in partic-
ular of the Frobenius endomorphism and its related characteristic polynomial (cf. Example 4.87)
made explicit in Example 5.83. The theorem then states that the algebraic integer =, interpreted
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as endomorphism of £;(4,) operates modulo p on £, or one of its twists as Frobenius endomor-
phism, and so the characteristic polynomial of , interpreted as an algebraic number, is equal to the
characteristic polynomial of the Frobenius endomorphism.

5.1.6 Hyperelliptic curves over C
5.1.6.a Periods and invariants

Let C be a hyperelliptic curve of genus g defined over C with Jacobian variety J . As we know
Jo isasanaytic variety isomorphic to atorus CY9/A¢. Since J¢ isprincipally polarized A ¢ can be
chosenintheform Z¢ @ Q- Z4, where the (g x g)-matrix € is symmetric and has a positive definite
imaginary part, i.e., liesin the Siegel upper half plane H ;.

The matrix 2 isthe period matrix of C'. It can be computed by integrating a basis of holomorphic
differentials along paths on the Riemann surface correspondingto C'. Since such abasisisexplicitly
known for hyperelliptic curves (see Chapter 17) it isin principle possible to computeit. For elliptic
curves F this givesthe period 7, acomplex number with a positive imaginary part.

The next step for eliptic curves was to determine the isomorphism class when the period is
known. Thistask was solved by the j-function whose value at 7 is the absolute invariant of £. To
construct j we used Eisenstein series as specia functions on lattices, i.e., modular forms.

Analogous to the elliptic curve case we define values of complex functions to lattices that are
now Siegel modular forms: let 2 € H, the period matrix of a principally polarized abelian variety
and let z € CY be acolumn vector. The Riemann theta function is given by

0(z,Q) = Z exp(mi(n'Qn + 2n'z)).

nez9

Thisfunction is C-valued, holomorphic and symmetric, i.e,, 0(z, Q) = (—=z, ).
For fixed © € H, we get afunction from C¢ to C and we define the Riemann theta divisor by

ol .= {zmod A | (z,Q) = 0}.

Recall that 7 and 7" define isomorphic élliptic curvesif and only if 7/ = j:—jg with a,b,c,d € Z
andad — be = 1,i.e, if 7 and 7" are equivalent under the action of SLo(Z), the group of invertible
(2 x 2)-matrices over Z with determinant 1.

An analogous result holds for arbitrary dimension. We define Sp(2g,Z) to be the symplectic
group of dimension g over Z. (For g = 1 thisis SLy(Z).) It acts on H, in a natural way (cf.
[LAN 1982]).

Theorem 5.50 Two period matrices €2, 2’ define isomorphic principally polarized abelian varieties
if and only if they lie on the same orbit under the operation of the symplectic group Sp(g, Z) onH ,,.

For aproof see [LAN 1982].

The theta divisors of two equivalent period matrices 2, 2’ do not have to be equal. But if they
areequivalent then there existsana € Q(129) + 179 suchthat ©(*) = 0 where 0 denotes
the trandation of ©(Y) by a.

This motivates the introduction of theta characteristics

0 m (2,0) = EZ: exp<m' <n+ %5)tﬂ<n+ %5) + 2<n—|— %5)t<z+ %e>) (5.2)
nezo

with column vectors § and e € (Z/2Z)9. If wefix ¢, e and set = = 0, we obtain functions on H,,
called the theta constants. A theta constant is even, if 5’ = 0 (mod 2), and odd otherwise. All
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odd theta constants vanish for principally polarized varieties. There are 2971(29 + 1) even theta
constants.

Theorem 5.51 The complete set of theta constants uniquely determines the isomorphism class of a
principally polarized abelian variety of dimension g.

The proof isgivenin [IGU 1960].

Example 5.52 For g = 2 there are 10 even theta constants. A list of the vectors 6, e € (Z/2Z)?
used to get them isfound in [WEN 2003]. For g = 3 there are 32 even theta constants.

By the theta constants we have found a complete system of invariants for isomorphism classes of
principally polarized abelian varieties of dimension g > 2. But two thingsare disturbing. First these
invariants are not “independent.” Secondly and worse they are defined analytically. But they define
points in an algebraic variety, the moduli space of isomorphism classes of principally polarized
abelian varieties of dimension g. So we would like to have algebraically defined invariants.

For g = 2, 3 we can make this precise. Due to results of Well [WEI 1957] we know that every
principally polarized abelian variety A of dimension ¢ < 3 is the Jacobian variety of a curve
C'. Because of the famous theorem of Torelli, the isomorphism class of A with its polarization
is determined uniquely by the isomorphism class of C. So the invariants have to be algebraic
expressions in the coefficients of the equation defining C'. Recall that for elliptic curves E we can
express j i by the coefficients g», g3 of a Welerstral? equation.

In fact we can find these algebraic invariants for hyperelliptic curves of genus 2 and 3 using work
of Igusa[lGu 1960] and Shioda[SHI 1967].

5.1.6.b Hyperelliptic curves of genus 2

For every principally polarized abelian variety A of dimension two there exist three absolute in-
variants ji, j2, and js caled Igusa invariants, which determine its isomorphism class. They can
be expressed in terms of the theta constants. The explicit formulas can be found in [WEN 2003,
Section 5].

LetC : y? = a®+ faxt + f323 + fox® + fiz+ fo bethecurvewith Jo = A. Thentheinvariants
ja of the Jacobian of C' can be expressed by

j1 =13 /T, jo = I314/ 1o and js = I31s/ 110, (5.3)

wherethe I;’s are given below expressed in the coefficients of the curve.
By Spallek [SPA 1994, p. 71] the absolute invariants /; are given in terms of the coefficients f
as

I, = 6f; —16f1fo+40f1,
Ly = A(ff3 =3faf3 =3f2 fsfr + 93 fr + fafofr — 201 +12fF fo — 45 fa fa fo + T5f2 fo),
Is = — 2(—4f2f3f3 + 123/ + 12f0f3 — 38fafsf3 + 18fs + 12fFf3f1 — 36f5 1

— 383 fafor+119fa f3 fofr —14[7 f3 f1 — 13 fs f3 L + 18 f1 [T — 13/ f3 T —88f3 f7
— 32fa fofT + 16011 —30f3 f3 fo+ 99113 fo +80fi f2fo — 246 3 f f2 fo — 165 f3 f2 fo
+ 320f1f5 fo — 308f% fifo + 930fafsfifo — 800f2f1fo + 450fF f5 — 1125f3f7),
Lo = fif3f3ff —AfSf3f7 — AfIfSf2 + 18fafsfSff — 2Tfafi — Af2f3f2 + 16f5 f7
+ 18P fsf2f? — 8Ofaf5 fof P — GRS + V4Afsf3 7 — 2Tfif1 + 14413 f3 fi
— 1285 fi' —192fa fo fi +256 7 — 4f7 3 f5 fo+ 16 f3 f3 fo + 16 3 f2 fo — T2fa f3 f3 fo
+ 108f3fo + 18fFf3faf1fo — T2fsfafifo — 8OfLfsfifrfo + 356fuf3f3f1fo
+ 24fifififo — 630fsfSfrfo — Gfif3fifo + 24fafififo + 144fLfaf7 fo
— T46 13 fafofifo + 560f3fafEfo + 1020faf3 f2fo — 36f3f5fo + 160fsfsf3 fo
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— 16002 f7 fo — 27 (2 f3 f6 + 1083 f5 + V4Af3 f3 fa f5 — 630faf3 fafs — 1281 f3 f5
+ 560f7faf5f5 + 8255315 — 900faf3f5 — 192fifsf1f5 + 102013 f3 f1 /3
— 900f3f1fd + 160f%f2frfs — 2050fsfsfafifs + 2250f5 fifs — 50f7fifs
+ 20003 f7 f§ 4 256f2 f§ — 16003 f3 f5 + 2250 f4 f3 f5 + 20007 fa f§ — 3750 f3 f2 f§
— 2500f1 f1f5 + 3125 ;.

Hence we can compute the invariants j; of the curve C if we know either its period matrix or the
curve equation. Conversely, from the invariants we get a system of polynomial equations for the
coefficients of an equation defining C' and we can solve this system in principle, e.g., by applying

Buchberger’sagorithm.
But thereis a much more efficient way dueto Mestre[MES 1991].

To useit we haveto define new invariants, which we call Mestre’s invariants. In his paper, Mestre

introducestheinvariants A, B, C, D [MES 1991] and invariants j1, j4, js with

j1=A%/D, j5=A’B/D and j; = A’C/D

which satisfy
, - o 72071 B Jo o J3 108074 B 16]{.
)1 1205 /2 6750 (1202 x 6750) 3 1202 x 2025100 2025 375
In addition we need

-1 1 1655 1645 2 45b48
o= (= 462208 ) + o2 4 28 g d2 . Tk
1556250 \ | o4, 45§, 3512 351

which relates Mestre's invariant D with Igusa’s discriminant A by o = %-
Next one defines a conic Q(j1, jz, j3) by the equation

Z QixriTr =0

1<4,k<3
with
65’3+ j's
Qu = 5
2 .
QlQ - QQI - 2(j7é +ji]é)y
351
QIS - QSI - QQQO&
1(g5°  aghih 25
Q23 = Q32j{2 <3j{+ 9 + 3 )
1 g 92 912
Qs = — J1J2 + J2.73+ J3 .
2\ 2 T T

This conicisintersected with acubic H(j1, j2, j3) given by the equation

E Hipwixpx
1<,k 1<3
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where
2 (i — 675 + 945°0)
Hinn = e ,
.73 YY) )12 .73
_ _ 22" + 4517203 + 1251537 + 51"«
Hy12 = Hon = 3 ,
971
73 Y, 2 . o2 2 .
His = Hsy = Hysy = Higy = 22 +4/3515255 + 442" Js + 6j1j3" + 341" jax
955
1 (23 e A0S ey 2
Hizy = 57 ( j.? + 455735 + ]13]3 + 455557 + 3412 jha + 1245 2 jhe | »
1 1
1 4 4-/2./ 16./3./ 26/ 2 . . ) .
Hizs = Hziz=Hs = —3 j.2—,+ J2 J5 4 ]2.,]3+ J2J5 +855% + 351 5%+ 21 jha |
18]1 J1 3 3.71 3
1 355" 2. 871 44> g 2.
M2z = g0 ( j? +655755 + jlg,]?’ +25555° — 351 jsa |
1 1
1 2]£3.7é 4]é]é2 .73 o2 72 .
Hyss = Hoso = Hazo = - - —4js + 912 ot 8 gz |
223 232 322 1857 < 35 3 J3 + 99192 o+ 871 J3
U (357 2% 8ids 2570 g8 s
H = Hso3 = H3z2 = = - - — a+9j5; " |
233 323 332 18]{3 <ji2+ 7 + 9 + 351 J1J2J3c + 9
1 2-/4-/ 4-/2-/2 16-/3 4-/ .73 ' Lo L
Hsss = (- T s s TRR 4950, 4194 L e+ 20515 a |-
36]1 _71 ]1 9 ]1

Note that thisis easily doneif the conic hasarational point. Then the set of points on the conic can
be parameterized by a parameter ¢. So in the worst case we have to go to a quadratic extension of
K to perform this step. The intersection consists of six points that are the zeroes of a polynomial
f(t) of degree 6 in the parameter ¢.

Lemma 5.53 (Mestre) Thecurve C with Igusainvariants {j1, jo, js} can be given by the equation

where f isthe polynomial of degree 6 constructed above.

We note that thisis not the standard form for an equation of genus 2. But we can transform one of
the zeroes of f () to be the infinite point on C' and then find an equation

y? = f(x)

with f apolynomial of degree 5 for the curve C.
Until now we have done all computations over C. But Mestre's result is a purely algebraic one,
and so we get:

Theorem 5.54 Let A beaprincipally polarized abelian variety defined over C with Igusainvariants
{j1,J2,j3}. Let Ky C C beafield containing these invariants and such that the conic Q(j1, jz2, j3)
has a K-rational point. Then A is the Jacobian variety of a curve C' of genus 2 defined over K .
Its equationis

y? = f(x),

where f(z) isthe polynomial of degree 6 from Lemma5.53.
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Let K be an extension field of Ky suchthat f(z) hasazero xo in K. Then C ascurveover K can
be given by the equation

y* = f(x)
which is obtained by transforming the point (z, 0) to infinity.

5.1.6.c Hyperelliptic curves of genus 3

Let A beaprincipaly polarized abelian variety of dimension 3. We assume that we know its period
matrix. So we know the theta constants and, by using a theorem of Mumford—Poor, we can decide
whether it is the Jacobian of a hyperelliptic curve (cf. [WEN 20018, Theorem 4.3]. If so we want to
find the equation of the corresponding curve given in the form

C:y* = f(x)

where f(z) isapolynomia of degree 7.
In principle we can proceed as in the case of genus 2. Only things become more complicated.
Oneway proposed in [WEB 1997] isasfollows. First one computes the Rosenhain model

vi=x(x— X)) (z—\7)

of C' wherethe complex numbers \; arerational expressionsin thetaconstants. Having this equation
one computes the Shioda invariants j1, js, js, j7, jo, Which determine the isomorphism class of C'
ascurveover C.

Then avariant of Mestre’s method allows usto find an equation for C' that is defined over field of
degree < 2 over Q(j1, Jjs, Js, Jr, Jo). For detailswe refer to [WEB 1997] and [WEN 2001d).

Remarks 5.55

(i) In[WEB 1997] the theoretical results and the algorithms to compute curves are given
for hyperelliptic curves of genus < 5.

(i) Inthedlliptic case wewent further. By using the Weierstrald o function and its derivative
we were able to make (the inverse of) the Abel-Jacobi map explicit. In [KAM 1991] it
is shown that an analogous definition of Weierstral? functions and its higher derivatives
can be used to achieve this for hyperelliptic curves of any genus.

5.1.6.d Hyperelliptic curves of genus 2 and 3 with CM

In the last section we have seen that the knowledge of the period matrix of a hyperelliptic curve C'
of genus 2 or 3 makes it possible to compute its invariants and then to determine its equation in an
agebraic way.

We shall discuss now how the theory of CM-fields makesit possibleto determinetheinvariantsin
an algebraic way if J has complex multiplication. Though the ideas are quite anal ogous to those
that occurred in the case of complex multiplication of elliptic curves we need considerably more
technical details. The key ingredients were developed in the important book of Taniyama—Shimura
[SHTA 1961]. The reader who is interested in this deep and beautiful theory is encouraged to use
this book as reference for the whole section.

We shall begin by giving a very rough sketch of the general CM theory and then we shall apply it
to the special case of Jacobian varieties of hyperelliptic curves of genus2 and 3.
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Abelian varieties to CM-types

A number field K with [K : Q] = 2g is caled CM-field if K is an imaginary quadratic extension
of atotally real number field K.
Let p;, 1 < i < 2g bethe 2¢ distinct embeddingsfrom K into C. A tuple

(K, ®) := (K, {¢1,902,...,04})

is called CM-type, if all embeddings ¢, are distinct and no two of them are complex conjugate to
each other.

Let A ~ C9/A 4 be an abelian variety over C with End(A) ® Q ~ K. Hence A has com-
plex multiplication with ring of endomorphisms being an order © C K. We have to make the
identification of © with End(.4) more explicit.

Definition 5.56 Assume that the operation of o € O on A is given by the action of

p1()

pg(a)
on CY. Then A is an abelian variety of CM-type (K, ®) = (K, {¢1,- - ,¢g}).

Proposition 5.57 For every abelian variety A with End(A) ® Q ~ K there exists a CM-type
(Kv (I)) = (Kv {9017 T a@g})'

To easethingswe restrict ourselves (asin the case of elliptic curves) to the casethat End(A) = O g,
thering of integersin K.

Theorem 5.58 Let A beanidea in Ok and let (K, @) bea CM-type. Take

D(A) = {(gpl(a), @) ae 91}

inCY.

Then ®(2) isalatticein CY and thetorus C9/®(2l) isan abelian variety Agy ¢ which has complex
multiplication by O .

The action of O on C9/d(A) is given by the action of the g-tuple

1(7)
with v € Ok

®q(7)

on C9. Conversely every abelian variety A of CM-type (K, @) with complex multiplication by O x
isisomorphic to an abelian variety Ag .

The proof of this theorem can befoundin [SHTA 1961].

Principal polarizations

We are interested in Jacobian varieties and corresponding curves with complex multiplications and
so we need a finer structure: we want to construct principally polarized abelian varieties and we
have to determine isomorphism classes of abelian varieties with principal polarizations. For thisit
is convenient to make an additional assumption that isvery often satisfied: the maximal real subfield
Ky of K hasclassnumber 1, i.e., thering of integers O g, isprincipal.
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Lemma 5.59 Assume that the maximal real subfield K inthe CM-field K has class number 1. Let
(K, ®) beaCM-type, 2 anidea of O and Ag s the abelian variety attached to these data
Thereexistsabasis {c, . .., asy} Of () such that the Riemann form 5.22 is

0o I,
-1, 0 |’
Hence the period matrix of Ag 4 liesin the Siegel upper half plane H, and we can endow Ay
with a principal polarization determined by an element  in K (cf. [LAN 1982]).

[E(ai; aj)} 1<i,5<2n =

For aproof see [WEN 2001b].

Definition 5.60 We take the notations as in the Lemma 5.59. We shall write (Ag s,7) for the
abelian variety corresponding to the ideal 2(, the CM-type ¢ and the polarization attached to ~.

Asin the case of elliptic curves, we now need a characterization of isomorphism classes of abelian
varieties with principa polarization that correspond to a given CM-type (K, ®).

For this we need some notation. Let K be a CM-field with CM-type ®. We assume that the
maximal totally real subfield has class number 1.

Let U™ denote the totally positive units of K (i.e., unitsw in O suchthatforal 1 < j < g
we have ¢;(u) is a positive real number). Let U; be the image of the norm map from K to K
applied to the unitsin O . We denoteby ¢, ..., e; asystem of representativesfor U+ /U;. Note
that the complex conjugation — generates the Galois group of K over K (. Using our assumption
that the class number of K is 1 we get that for any ideal 2 of K theideal A can be interpreted as
aprincipa idea («) of K.

Definition 5.61 The subgroup C1'(Of) of the class group C1(Ox ) consists of the ideal classes ¢
that contain an ideal 2 with 2AA = a0k with ¢, («) totally positive, i.e., p;(«) isared positive
number for every 1 < i < g. Theorder of C1(O k) isdenoted by h's.

We have the following theorem:

Theorem 5.62 Let (Ao, a,7) be a principaly polarized abelian veriety attached to O k. Let
A, ..., —
2y, be a system of representatives for Cl(O k)" with ,2l; = (a;) and «; totally positive. There
are hj.d isomorphism classes of principally polarized abelian varieties with complex multiplication
by Ok of CM-type (K, D).

d

Let Ko = |J K} with
=1

Ky = {(Aa;, @(air)™") [i=1,..., b }.

The set K¢ is aset of representatives of the isomorphism classes of principally polarized abelian
varieties of CM-type (K, ®).

Warning: principally polarized abelian varieties of different CM-types can beisomorphic.

Example 5.63 Consider the case wherethe principally polarized abelian variety has dimension two.
Here, the CM-field is an imaginary quadratic extension of areal quadratic field K .

If K is Galois, we get al isomorphism classes of principally polarized abelian varieties with
complex multiplication with O i by choosing one CM-type.

If K isnon-normal, we need two CM-typesto get all isomorphism classes of principally polarized
abelian varieties.
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Class polynomials for hyperelliptic curves of genus 2 and 3

Recall from the previous paragraph that for elliptic curves with complex multiplication by O x the
j-invariant lies in the Hilbert class field of the imaginary quadratic field K. Again the situation is
anal ogous but more complicated in the higher dimensional case.

We need the notion of the reflex CM-field K ([SHI 1998]), whichfor ¢ = 1 isequal to K andin
general different from K. We shall not need the explicit definition of the reflex CM-field but use the
arithmetic information from class field theory to determine minimal polynomialsfor invariants.

Theorem 5.64 Let K beaCM-field of degree 4 over Q.

(i) The Igusa invariants j1(C), j2(C), j3(C) for hyperélliptic curves C' of genus 2 with
complex multiplication with the ring of integers O i of K are algebraic numbersthat lie
in aclassfield over the reflex CM-field & .

(i) For hyperélliptic curves C' and C’ with complex multiplication with O i we get that for
k € {1,2,3} theinvariants j, (C) and j,(C") are Galois conjugates.

(iii) Let{C1,...,Cs} beaset of representatives of isomorphism classes of curves of genus 2
whose Jacobian varieties have complex multiplication with endomorphismring O . We
denote by ;i (7) the k-th Igusainvariant belonging to the curve C';.

Thethree class polynomials

S

Hip(X) = [[(X = 3").k=1,....3.
=1

have coefficientsin Q.

For hyperelliptic curves of genus 3 we get a completely analogous result.
Theorem 5.65 Let K bea CM-field of degree 6 over Q.

(i) The Shioda invariants j; (C), j3(C), j5(C), j7(C), jo (C') for hyperelliptic curves C' of
genus 3 with complex multiplication with the ring of integers O i of K are algebraic
numbersthat liein aclass field over the reflex CM-field K.

(i) For hyperelliptic curves C and C’ with complex multiplication with O i we get that for
ke {1,3,5,7,9} theinvariants j, (C) and j, (C’) are Galois conjugate.

(iii) Let{C4,...,Cs} beaset of representatives of isomorphism classes of curves of genus 3
whose Jacobian varieties have complex multiplication with endomorphismring O . We
denote by j(7) the k-th Igusainvariant belonging to the curve C';.

Thefive class polynomials

S

Hyw(X) = [[(X =), ke{1,3,57,9}.
i=1

have coefficientsin Q.

Denominators in the class polynomials

The careful reader will have remarked that — contrary to the elliptic case — we did not claim in
Theorems 5.64 and 5.65 that the class polynomials have integer coefficients. In fact thisiswrong.
There are two reasons for this. First, small primes occur (for g = 2 upto 5 andfor g = 3 up to
7) because we did not normalize the invariantsin a careful enough way. But much more seriousis
the second reason: it may happen that the Jacobian of a curve has good reduction modulo a place
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p of the field over which it is defined but the curve does not have good reduction. The curve may
become reducible modulo p.

There are famous conjectures about the arithmetic of curves over number fields related to the
ABC-conjecture that this should occur only for places with moderate norm.

In practicethisis confirmed. So to compute the coefficients of the class polynomial one computes
areal approximation with high precision and then determines the denominator using the continued
fraction algorithm.

Reduction of hyperelliptic curves of genus 2 and 3 with complex multiplication

Theinvariants of ahyperelliptic curves of genus2 or 3 with complex multiplication with a CM-field
K are zeroes of polynomialsover Q. Let us choose a prime p that does not divide the denominator
of the coefficients of these polynomials. Then we can reduce the class polynomials modulo p.

We can factor the resulting polynomials over [, and find zeroes in an extension field F,. By
Gdlois theory we see that the class polynomials will split in linear factors over F,. Combining
“related” zeroes we get systems of invariants for which the resulting curves C', have a Jacobian
variety with ring of endomorphisms containing an isomorphic copy of O .

So, we have very explicit information about the endomorphisms of the Jacobian variety of C',
which are defined over (possibly a quadratic extension of) IF,. Class field theory of CM-fields can
be used to identify the Frobenius endomorphism.

We explain the easiest case, which is the most important one for practical use: we assume that
the genus of C; isequal to 2 and that ¢ = p.

Theorem 5.66 Let K be a CM-field of degree 4 and assume that p isa prime > 7, which does not
divide the denominator of the class polynomials H k 1, (X ) =: Hx(X).

- For every w € Ok with ww = p the polynomials H;(X ) have alinear factor over F,
corresponding to w.

« Let j, beazeroof Hy(X) modulo p. There are two F ,-isomorphism classes A, ; and
A2 of principally polarized abelian varieties over IF,, with Igusainvariants jy.

« The principally polarized abelian varieties A, ; and A, » have complex multiplication
by Ok.

« The number of IF,-rational pointsof A, ,,, m = 1,2 isgiven by

H(1 + (—=1)™w;)

where w = w; and w; are conjugates of w.

« Theeguationww = pwithw € O g has(up to conjugacy and sign) at most two different
solutions, i.e., for every CM-field of degree 4 there are at most four different possible
orders of groups of IF,-rational points of principally polarized abelian varieties, defined
over IF,, with complex multiplication by O k.

For genus 3 an analogous result holds. We refer the interested reader to Weng [WEN 20014].

5.2 Varieties over finite fields

In this section we shall deal with varieties defined over finite fields. We assume that the ground field
K isequal toF, with ¢ = p.
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5.2.1 The Frobenius morphism

In this section, we consider two extension fields of F,. We assume K = F, with ¢ = p?¢, and
consider an arbitrary power gb’; of the absolute Frobenius automorphism, which fixes the elements
of F,« C F,. We recall the definition of the Frobenius endomorphism and its action on varieties
over I, given in Example 4.39, which we shall need in aslightly more general way.

Take k € N and let ¢, be the Frobenius automorphism of the field IF,», sending a € Fx
to (o) = aP" Wekcan extend ¢+ to points of projective spaces over IF 4+ by sending pomts
(Xo,...,Xp) to (XF,. XP ). We apply ¢, to polynomials with coeff|C|ents in the algebraic
closureF, of F,, by appIy| ng it to the coefficients.

If V isaprojective variety over IF, with ideal 1 we can apply ¢, to I and get avariety ¢, (V)
withideal ¢, (1). The points of V' are mapped to pointson ¢,,» (V).

The corresponding morphism from V' to ¢, (V') is called the Frobenius morphism with respect
tothefield F» and is again denoted by ¢,,». It isthe k-th power of the absolute Frobenius ¢,,.

We note that though ¢, is by definition a Galois group element it induces amorphism from V' to
¢px (V). Werecdl that in the language of function fields the corresponding rational map ¢ *. from
K (d),, (V)) is given as follows: choose an open affine part of V' and affl ne coordinate functions
x1,...,x,; then theimage of b in K(V)isgenerated by % , .. :cf’ .

It follows that this rational map is purely inseparable of degreep kdim (V)
In general ¢,,x (V') will not be isomorphicto V. But if d divides k then V' = ¢, (V') since then

b () = 1

Proposition 5.67 Let s be a natural number such that ks is divisible by d. Put Vi := V and for
i=1,...,5 — 1defineV; := ¢,r(Vi_1).
Then we get the chain of morphisms

¢,k ¢,k @

k bk

i}‘/;_l—)‘/;zv

each being purely inseparable of degreep® dim(V)

The composite of the morphismsis ¢ ,x. .

Hence for £ = 1 we get a decomposition of ¢, into a chain in which the absolute Frobenius
endomorphism occurs.

5.2.2 The characteristic polynomial of the Frobenius endomorphism

We assume now that C'is a projective absolutely irreducible nonsingular curve over F, of genus
g > 1. As seen above the Frobenius endomorphism operates on the rational functions on C', on
the points of C' and — by linear continuation — on the divisors of C. It maps principal divisors to
principal divisors and preserves the degree of divisors. So it operatesin a natural way on Pic Cs,"
the divisor class group of degree 0 of the curve C over IF .

From the results in the last paragraph and from the fact that the Galois group of I is (topologi-
cally) generated by ¢, we get:

Proposition 5.68 The Frobenius morphism induces a homomorphism of Pic %ﬁ and hence an en-
domorphism, also denoted by ¢, of the Jacobian variety ./ defined over F,. *

This endomorphismis an isogeny that is purely inseparable of degree ¢ 9.

Theelementsfixed by ¢4 inJ. 5 ) are Jo(Fy) = Picl.. Hence Jo(F,) isthekernel of 1d ;. — ¢,
and [Pick | = deg(Id s — ég).
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Now recall that for primes ¢ different from p we have attached a Gal ois ¢-adic representation 5 . ¢
induced by the action of GG, on points of order 0% of Jo Theorem 4.82. In fact, we have to replace
thefield IF,, by I, and the absol ute Frobenius endomorphism by therelative one ¢ , but all theresults
about /-adic representations of Galois elements and endomorphisms remain true after this change.

We associateto ¢, the characteristic polynomial x (7%(¢,)) Jo (T) of pye, e(¢q), whichisamonic
polynomial of degree 2¢g with coefficientsin Z and it is independent of the choice of /.

Definition 5.69 The polynomial x(¢4).sc (T) := x(Tu(¢4)) , . (T) isthe characteristic polynomial
of the Frobenius endomorphism ¢, on C' and of J. To simplify notation we also use x(¢,)z(1") to
denoteit.

Since we know that deg([1] — ¢4) = x(¢q)c (1) we get:
Corollary 5.70 Theorder of Picl, or equivalently, of Jo(F,) isequal to x(é,)c(1).

Hence the determination of the number of elementsin Pic% is easy if we can compute the charac-
teristic polynomial of the Frobenius endomorphismon C.
The following remark is very useful if we want to compute this polynomial.

Lemma5.71 For n prime to p the restriction of ¢, to Jc[n] has the characteristic polynomial
X(¢g)c(T) (mod n).

Corollary 5.72 The endomorphism x(¢4)c(¢,) isequal to the zero map on Jc.

There are two distinguished coefficients of the characteristic polynomial of alinear map: the abso-
lute coefficient, which is (up to a sign) the determinant of the map, and the second highest coeffi-
cient, which is the negative of the sum of the eigenvalues and is called the trace of the map.

In our case we know that x(¢,)c(0) = ¢¢ since the degree of ¢, as endomorphism on .J¢ is
dim(J¢)

Thetrace of x(¢4)c(T) is called the trace of the Frobenius endomorphism on C' and denoted by
Tr(¢q).

Example 5.73 Let E be an éliptic curveover F,. Then x(¢4) g (T) = T? — Tr(¢,)T + g, and so

q

|E(Fq)| =q+1- Tr(¢q)-

5.2.3 The theorem of Hasse—Weil for Jacobians

The following results are true for arbitrary abelian varieties over finite fields. We shall state them
only for Jacobians of curves C' of genus g > 0.

Definition 5.74 Thezeroes A1, ..., Az, Of x(¢4)c(T) are called the eigenvalues of the Frobenius
pgonCandon Je.

By definition the eigenvalues of ¢, are algebraic integerslying in a number field of degree < g.
The product is equal to

Because of the duality on Jacobian varieties (or as a consequence of the theorem of Riemann—
Roch [STI 1993]) one can make a finer statement.
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Proposition 5.75 We can arrange the eigenvalues of ¢, on C' such that
forall i=1,...,9 wehave \;\i1y =q.

But thereis amuch deeper result. It isthe analogue of the famous Riemann hypothesis for the Rie-
mann ¢-function and it says that the absolute value of each eigenvalue )\ ; interpreted as a complex
number is, for every curve C of arbitrary positive genus g, equal to ,/q.

This result was proved by Hasse for elliptic curves and by Weil for abelian varieties. A gen-
eralization for arbitrary varieties over finite fields was formulated by Weil. One of the greatest
achievements of mathematics in the twentieth century was the proof of these Weil conjectures by
Deligne.

The general philosophy is that the number of rational points on varieties over finite fields should
not differ “too much” from the number of points of the projective spaces of the same dimension, and
the difference is expressed in terms of the size of the trace of the Frobenius endomorphism acting
on attached vector spaces like Tate modules, or more generally, cohomology groups.

Let us come back to our situation and resume what we know.

Theorem 5.76 Let C' be a projective absolutely irreducible nonsingular curve of genus g > 0 over
F,. Let A1, ..., Aoy bethe eigenvalues of the Frobenius endomorphismon C'.

(i) Each \; isan agebraicinteger of degree < 2g.
(if) We can numerate the eigenvalues such that for 1 < i < g we have

)\1',)\1',-1-_(] =4q.

(iii) For 1 < i < 2¢ take any embedding of \; into C. Then the complex absolute value | \;|
isequal to ,/q.

For the proof of these fundamental results about the arithmetic of curves and abelian varieties we
refer to [STI 1993] or, in amore general frame, to [MuM 1974, pp. 203-207].

Corollary 5.77 Let C/IF, beacurveof genusg. If
Jo(Fo)[n) 2 (Z/nZ)"

for somet > ¢ then

n|q—1.
Proof. Wefind ¢ linear independent Dy, .. ., D, elementsin J(F,)[n], whichliein the eigenspace
pJen(dq) With eigenvaluel (mod n). Hence, thereisal < i < g suchthat A\; and A, are both
equivalent to 1 modulon. Since \; A4 = ¢ wehaveqg =1 (mod n). O

We can combine this corollary with Theorem 4.73 to get the following proposition.

Proposition 5.78 Let C'/F, be a curve of genus ¢g. For the structure of the group of F ,-rational
points on the Jacobian we have

Jo(Fg)n| = Z/riZ x Z/noZ X - - - X L[Ny,
wheren; | n;4q1 for1 <i<2gandforal 1l <i<gonehasn; |q—1.

From the Theorem 5.76 we obtain bounds on the number of points on the curve and its Jacobian.
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Corollary 5.79 Let C' beasin Theorem 5.76.

Then
29
11e-

¢ =0 (qg—l/Z) ]

| IPic| - 7| =

Tekek € N. Since ¢ ,x = qb’; we can extend this result:
Corollary 5.80 The number N of I «-rational points of J¢, or equivalently, the number of ele-
mentsin Pic2,. F _isestimated by

‘ Np — qgk‘ -0 (qk@fl/z)) .

2g
H1—A’“ ¢oF

This corollary can be used to compute the ¢-function of the curve C' [STI 1993] and to get a bound
for the number of rational pointson C.

Corollary 5.81 Let C be as above.
Then

O] —q— 1] < 29V/4.

The estimates for the number of elements of PicY. and of C(FF,,) are called the Hasse-Weil bounds.
In fact the Serre bound gives the sharper estimate

[C(Fg)l —q—1]<gl2V4].

When one wants to compute the characteristic polynomial of the Frobenius endomorphism it is
very important that one has ad hoc estimates for the size of the coefficients of this polynomial.
Again Theorem 5.76 can be used in an obvious way to get

Corollary 5.82 The characteristic polynomial of ¢, has avery symmetric shape given by
X(0g)c(T) =T + a1 T2 - 4 ayT9 + -+ a1¢? T + ¢,

wherea; € 72,1 <1 < g.
The absolute value of the i-th coefficient of x(¢ )¢ (T') isbounded by (*7)q(29-9/2,

Example 5.83 Let E be an elliptic curve over F,. The eigenvalues A\; and Ay of ¢, on E are
algebraic integers of degree < 2 with absolute value |\;| = /g and A1\ = ¢. The number of
pointsin E(F,) is estimated by

[E(F)| —q—1] <2V

Theinterval [-2,/q + ¢ + 1,2,/q + q + 1] is called the Hasse-Weil interval. All elliptic curves
defined over I, are forced to have their number of rational pointslying in thisinterval.

5.2.4 Tate's isogeny theorem

We end this section by stating deep results due to Tate and Tate-Honda [TAT 1966], which demon-
strate the importance of characteristic polynomials of Frobenius endomorphisms.
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Theorem 5.84

(i) Let Aand A’ beabelian varietiesover IF,. Then A isisogenousto A’ over IF, if and only
if X(¢q)a(T) = x(dg) (T).

(i) Assumethat A1, ..., Ay, areagebraicintegerslyinginanumber field of degree < 2¢g and
satisfying the properties of eigenvalues of Frobenius endomorphism as stated in Corol-
lary 4.118. Then there is an abelian variety A over IF, such that \q,..., Ay, are the
eigenvalues of the Frobenius endomorphismon A.

Note that this abelian variety need not be principaly polarized, and if it is, it need not to be a
Jacobian of acurve.

Maisner and Nart [MANA 2002] study the problem to decide whether A+, ..., A2, belong to a
hyperelliptic curve.
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